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Abstract. Seiberg-Witten geometry of mass deformed J\f = 2 
superconformal ADE quiver gauge theories in four dimensions is 
determined. We solve the limit shape equations derived from the 
gauge theory and identify the space 9Jt of vacua of the theory with 
the moduli space of the genus zero holomorphic (quasi) maps to the 
moduli space Bunc(£) of holomorphic G c -bundles on a (possibly 
degenerate) elliptic curve £ defined in terms of the microscopic 
gauge couplings, for the corresponding simple ADE Lie group G. 
The integrable systems underlying, or, rather, overlooking the 
special geometry of 50? are identified. The moduli spaces of framed 
G-instantons on IR 2 x T 2 , of G-monopoles with singularities on 
]R 2 x S 1 , the Hitchin systems on curves with punctures, as well as 
various spin chains play an important role in our story. We also 
comment on the higher dimensional theories. In the companion 
paper the quantum integrable systems and their connections to the 
representation theory of quantum affine algebras will be discussed. 
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CHAPTER 1 



Introduction 

In this work a class of quiver M = 2 supersymmetric theories in 
four dimensions is analyzed. The first problem of this sort was solved 
in [TJ |2] for the SU(2) gauge theory in four dimensions with eight 
supercharges. 

We study mass perturbed M = 2 superconformal theories, and 
compute the exact metric 

ds^ = Gxjdu 1 du J 

on the moduli space VJt of vacua of the low-energy effective theory. We 
also compute the vacuum expectation values 

of all gauge invariant M = 2 chiral operators. 

Our theories have the gauge group G g which is a product of a finite 
number of special unitary groups. The technique we use is the saddle 
point approach to the calculation of the supersymmetric partition func- 
tion of the theory in ^-background |3]. The partition function is given 
by the sum over special instanton configurations. In the limit, where 
the f2-deformation is removed so that the theory approaches the origi- 
nal flat space theory, the sum over the special instantons is dominated 
by the contribution of one particular special instanton configuration, of 
a very large instanton charge (with the expected small effective density 
of instanton charge). This configuration, the so-called limit shape, is 
found in this work using a novel approach, built on the analytic tech- 
niques of [4j. Namely, we interpret the limit shape equations as the 
conditions defining the analytic continuations of the generating func- 
tions 

%{x) = exp (trlog(z - $;)>„, (1-1) 

where i labels the simple factors in the gauge group G g , and <3>j is the 
corresponding complex adjoint Higgs scalar field. We get the system 
of (algebraic) equations determining these functions by fixing the set 
of basic invariants of the monodromy of the analytic continuation. 

Recall that a complex Lie group G q is naturally associated with 
the quiver gauge theory. This group is different from the original gauge 
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group G g of the theory. Roughly speaking the Dynkin diagram of G q is 
the universal cover of the quiver of the gauge theory. The group G q may 
be infinite-dimensional. In fact, for the M = 2 superconformal theories 
the corresponding Lie algebra g q is the finite dimensional simple Lie 
algebra of the ADE type $j, or its affine version $j, or the algebra jjL^. 

Our main construct is the x-dependent element g(x) of the maximal 
torus of Gj* 1 , which can also be viewed as the multi-valued T n - 
valued function. The group element is locally analytic in x: 

g{x)= n yi(x + »i)~ xr Hx + Vi) a7 (1.2) 

i£Vert 7 

where i runs over the set Vert 7 of vertices of the universal cover of 
the quiver graph 7, the polynomials 7i(x) and the complex parameters 
/ij are determined by the gauge couplings and the masses of matter 
hypermultiplets, and a( and A/ are the simple coroots and the fun- 
damental coweights of g q . It is also convenient to introduce another 
group element: 

9oo{x)= n ? t (x + ^)- x > (1.3) 

i£Vcrt 7 

Our main claim is that the conjugacy class \g(x)] E T q /W(Q q ) is 
holomorphic in x, so that the basic adjoint invariants of G q , evaluated 
on [g(x)\ (up to some twist discussed further) are polynomials of x, 
leading to a system of equations relating y and x: 

X t (y(x)) = Ti(x) = T ifi x v ' + Ti^x Vi ~ l + ...+ T i)Vi (1.4) 

which define what we call the cameral curve 

C»cC (l) x (c x ) Vert ^ (1.5) 

The invariants Xj are normalized characters of g(x) in the fundamental 
representations R, of G q , of the highest weight Xf 

Xi{y(x)) = goo{xT Xl Tr^gix) 

Moreover, from the work of Steinberg [5 J (see also [6J) we know that 
for the finite-dimensional G q one can conjugate g(x) in G q to obtain 
a smooth G q -valued function g(x) of x. Further inspection shows that 
g(x) is a quasi-classical limit of an element of the Yangian algebra 
Y(g q ), built on the Lie algebra Q q of G q . Hopefully the analogous 
statements hold for all G q 's we encounter. 

In this way one recovers all known results about the Seiberg-Witten 
geometries of the Af = 2 theories in four dimensions (we do not review 
all of them in this work) as well as finds new results. In particular, 
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we find the families of curves describing the geometry of the moduli 
space of vacua for the theories which were previously believed not to 
have such description. We also find that the special geometry of the 
quiver theories is captured in general by a polylogarithmic system of 
differentials on these curves. 

Higher dimensions. The gauge theories we discuss can be also lifted 
to five dimensional theories compactified on a circle SLv of circumfer- 
ence /3, or even to the six dimensional theories, compactified on a two- 
torus, of the area f3 2 . In the limit — > one recovers the original four 
dimensi onal theory. In the five dimensional case the polynomials Tj(x) 
in Eq. (1.4) are replaced by Laurent polynomials in e 1/3x , while in the 
six dimensional case the functions Ti(x) become elliptic. 

Defreezing. One of the initial questions which led us to the subject 
of this work was the following. Consider the SU(2) theory with Nf = 4 
hypermultiplets in the fundamental representation, with the coupling 
q. By now there is an overwhelming evidence for the connection of this 
theory to Liouville conformal blocks on a sphere with four punctures. 
The momenta of Liouville vertex operators at the punctures are re- 
lated to the masses of the hypermultiplets, the locations of the vertex 
operators are, e.g. 0,l,q,oo, and the momentum at the intermediate 
channel is the Coulomb parameter a. 

Let us view this theory as a U(2) theory, and let us single out the 
maximal torus U(1) A of the Spin(8) flavor symmetry group. Let us 
gauge these U(l) groups. This gauging is possible in the noncommuta- 
tive geometry setup. One acquires four additional coupling constants. 
What will happen to the Liouville theory? 

Upon some reflection one concludes that the resulting theory is a 
particular case of the D4 theory, with Vo = Vi = V3 = V4 = 1, and 
V2 = 2. We then decided to solve the general quiver superconformal 
theory which led us to discover many other interesting things. 

Classification. Another motivation was the question whether Hitchin's 
system exhaust the list of all reasonable Seiberg-Witten integrable sys- 
tems. From the early discovery |7j that the M = 2* theory with 
G g = SU(N) is governed by the SU(N) Hitchin system on a one- 
punctured torus (which is nothing but the elliptic Calogero-Moser sys- 
tem, as shown previously in [8j), proposals in [9j, and subsequent devel- 
opments culminating in the introduction of the "S-class" theories [TOT - 
US] there was a lot of activity with experimental evidence suggesting 
that M = 2 theories can be described by some version of Hitchin's sys- 
tem. The underlying construction in these approaches is the compact- 
ification of the six dimensional superconformal (0,2)-theory on some 
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FIGURE 1.1. The three major ways to construct M = 2 theories 

Riemann surface embedded as a supersymmetric cycle in some ambient 
geometry, and it is believed that the global features of the embedding 
should play virtually no role in the effective gauge theory dynamics. 

Another way of engineering M = 2 theories, using string theory, is 
the so-called geometric engineering [T^ [15], which is the study of the 
gravity-decoupled limit of the IIA compactification on a Calabi-Yau 
threefold, with the Calabi-Yau becoming effectively non-compact. A 
large class of models comes from toric Calabi-Yau's. One then employs 
the local mirror symmetry to generate curves with differentials, whose 
periods capture the special geometry of the M = 2 theory. 

In our work we presented another characterization of the integrable 
systems underlying the special geometry of the M = 2 theories with 
the superconformal ultraviolet limit. Namely, we identify these systems 
with the moduli spaces of some gauge/Higgs configurations, such as 
monopoles or instantons, with the gauge group G q corresponding to 
the quiver diagram encoding, among other things, the matter sector of 
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G q (E) 







TABLE 1.1. The (rational/trigonometric/elliptic) by 
(classical / quantum / double quantum) 



the theory. Unlike all previous approaches, see fig. |1.1[ which involved 
some reference to the non-perturbative dualities, or even embedding 
of the gauge theory to string theory and M-theory, we derive these 
statements within the quantum field theory, by analyzing the instanton 
contributions to the low-energy effective action. 

In some cases (e.g. in a simple fashion for the A r type theories, in a 
more subtle way for the D r type theories) our phase spaces can be iden- 
tified with the phase spaces of Hitchin systems on the low genus curves 
with punctures, using some version of Nahm-Fourier-Mukai transform, 
but in general we don't have such a duality. Provided a complete de- 
scription of the Seiberg-Witten curves and algebraic integrable systems 
for the M = 2 ADE quiver theories it would be interesting to further 
investigate this ADE quiver class, along the lines of |12|, [T6] or [T7] for 
the "S-class". 

In the other cases, e.g. the class II E r type theories we can use 
the relation between the moduli of del Pezzo surfaces and the moduli 
of ^-bundles on elliptic curve to assign to our version of the Seiberg- 
Witten curve a one-parametric family of del Pezzo surfaces, which can 
be viewed as an example of the mirror noncompact threefold of [18J. 

Outlook. In the companion paper |19| we study in details the con- 
nection between the class of ADE quiver gauge theories and quantum 
integrable ADE spinchains. In particular we explain there that the five 
dimensional version of the ADE quiver gauge theory on the twisted 
bundle IR 4 xS>| ei [20J with the equivariant parameters set to ei = e, 
62 = as in [21j is associated with the XXZ spin chain $j q . The the- 
ory is solved by the quantum version of the master equation (1.4): the 
group G q is replaced by the quantum affine algebra UglQq) with the 
quantum parameter q = e 1/3e , while the characters Xj are promoted 
to the g-characters of Frenkel-Reshetikhin |22j . (If G q is itself affine 
Kac- Moody group G q = G then U q (Q q ) is naturally quantum toroidal 
algebra). In the four dimensional limit the XXZ g q spin chain turns 
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into the XXX $j q spin chain, the quantum affine algebra U q (g q ) de- 
generates into Yangian Y(g q ), and the gauge theory on the twisted 
bundle becomes the four dimensional theory subject to a two dimen- 
sional f2-background. Finally, the six dimensional theory compactified 
on a torus Et corresponds to the XYZ Q q spinchain, with the quan- 
tum affine group £/ g (0q) elevated to the quantum elliptic group ^.^(Sq) 
P3H251, with 77 = /3e/27r. 

It is clear that there is an even larger picture in which the alge- 
braic integrable systems we encountered in this work are in a addi- 
tionally quantized, or deformed, this time with the with parameter €2, 
c.f. table with the rational/trigonometric/elliptic trichotomy in the 
vertical direction established in [26H28] and connected with the gauge 
theories in [29]. It would be exciting to explore the connection with 
H. Nakajima's work [30J on quiver varieties and quantum affine algebras 
as well as the connection with elliptic cohomology [3TH33] of moduli 
spaces. Notice that the quantum or double quantum exploration of the 
ADE quiver world is in a sense orthogonal to the approach of [13] deal- 
ing with the "S-class" world in the Fig. Classically, on the overlap, 
the relation between the corresponding algebraic integrable systems 
comes from the Nahm- Fourier- Mukai/Corrigan-Goddard/ADHM reci- 
procity relating the moduli space of G-bundles and Hitchin systems. 
The (doubly) quantum version of this Nahm transform, if it exists, 
seems to cover the "quantum" geometric Langlands duality, Separa- 
tion of variables for quantum systems |3~i1 - l3"£] and the quasi-particle or 
"free field" Dotsenko-Fateev [39 41J representation of conformal blocks. 
The new ingredient (12] in this relatively classic field of research are 
the supersymmetric gauge theories in four dimensions. 

The task to fill the table with all glory (double) quantum details 
is left for future work. 



1.1. Organization of the material 

Chapter [2] introduces the quiver supersymmetric gauge theories 
which we shall study 

Chapter [3] presents the classification of the gauge theories which are 
M = 2 superconformal in the ultraviolet. We distinguish three classes 
of such theories, I, II, and II*. The I and II classes have an ADE 
classification so that for class I G q = G and for class II G q = G where 

G is ADE group, the II* theories correspond to GL^ group. 

Chapter [4] reviews the special Kahler geometry of the vectormulti- 
plet moduli spaces 0JT of vacua of Af = 2 theories. We also recall the 
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relation of 9Jt to the algebraic integrable systems and the hyperKahler 
manifolds. We give some examples to be used later. 

Chapter [5] introduces our main tool: the limit shape equations, 
which summarize the microscopic gauge theory calculation leading to 
the effective low-energy action, i.e. the prepotential 3\ 

Chapter [6] presents the solution of the limit shape equation. We 
reformulate the equations as the Riemann-Hilbert problem for the set 
of functions and solve it by equating the invariants X(^(x)) of the 
monodromy group, the iWeyl group which we attach to every M = 2 
gauge theory, to some polynomials T(x). In this manner we find an 
(algebraic) curve C and a system of differentials, whose periods give 
the special coordinates a and the derivatives / da of the prepotential 
J. 

Chapter [7] analyzes the solution in some detail. We interpret the 
data for the solution of the class I theories as describing a holomorphic 
map with prescribed singularities of CP 1 to the space of conjugacy 
classes T/W(g) in a complex Lie group G, which can be also viewed 
as the moduli space of holomorphic G-bundles on a degenerate ellip- 
tic curve. For the class II theories the analogous data parametrizes 
(quasi)maps to the moduli space Bunc(£) of holomorphic G-bundles 
on elliptic curve. In some cases we relate the curve C to the more fa- 
miliar Seiberg-Witten curves. For the theories corresponding to the A 
series we manage to relate our curves C to the spectral curves of ratio- 
nal and elliptic Gaudin models (the Hitchin system on the genus zero 
and one curves with punctures), and also reproduce the results of |1U| . 
[43]. For the class II D type theories we reproduce the results of |44j . 
For the class II E type theories we find yet another interpretation of 
our solution, in terms of families of del Pezzo surfaces. In this way we 
get a field theory understanding of some of the local mirror symmetry 
predictions [18J and brane construction [4"5| 146]. 

Chapter [8] discusses the moduli spaces of vacua of the gauge 
theory compactified on a circle S 1 . We don't present the full analysis 
of the hyperKahler metric on in this work. Instead, we focus on the 
geometry of in the complex structure inherited from four dimensions 
(this complex structure is sometimes called the complex structure I), in 
which it presents itself as an (algebraic) integrable system. Our solution 
of the four dimensional theory comes in a form which leads to a natural 
guess for the phase space ^3 of the integrable systems corresponding to 
our theories. For the class I theories it is the moduli space of G- 
monopoles on R 2 x S 1 with singularities, for the class II theories it is 
the moduli space of G-instantons on K 2 x T 2 , and for the class II* A r 
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theories it is the moduli space of noncommutative U(r+1) instantons on 
K 2 x T 2 . Of course these spaces have a natural hyperkahler structure 
which depends in the expected fashion on all the parameters of the 
theory and its compactification. Although our motivation comes from 
the field theory analysis in the previous chapters, our results confirm 
the conjectures of HE], @I],[35], 06], 09], [50], [51] which are 

motivated by the string theory analysis, and in particular by the brane 
constructions. 

Chapter [9] discusses the modifications of our solutions in the five 
and six dimensional cases. 

In the Appendix [X] we review the affine ADE graphs, the McKay 
correspondence and the M-theory/D-brane picture for the present work; 
in the Appendix |B] we put our conventions on the partitions and repre- 
sentations by free fermions; in the Appendix[C]we review some standard 
material on Lie groups and Lie algebras which we use in solving our 
theories. We recall the notions of the (co)root and the (co)weight lat- 
tices, Weyl groups, and the integrable highest weight representations; 
in the Appendix [D] we collect our conventions for elliptic functions; in 
the Appendix [E] we give some technical details on spectral curves of 
affine E-series. 
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1.2. Notations 



Quivers, chapter [2] 



Vert 7 
Edge 7 
s(e) G Vert 7 
t(e) G Vert 7 
q* = e 2 ^ 

q 

a l;a <-> a 1 

Cij 

r = rk(C) 



Lie ; 


groups 




i 








G q 




Gm 


G = 


--G c 




G 




G 




T 




T 




Z 


Qad _ 


-- G/Z 


rpad _ 


= T/Z 


r^ad 
^ q - 


GJZ 


rj-iad 

q — 





set of vertices 
set of edges 

the source of the edge e G Edge 7 
the target of the edge e G Edge 7 
gauge coupling constants 

(qi)i6Vert 7 

number of colors for i-th node gauge group SU(\i) 

number of flavors for i-th node fundamental matter 

eigenvalues of the complex scalars 

the special coordinates on Coulomb moduli space 

Cartan matrix associated to the quiver by its Dynkin graph 

|Vert 7 | if 7 is finite ADE or |Vert 7 |— 1 if 7 is affine ADE 



Gauge group of the four-dimensional theory 

Kac-Moody group associated with quiver Dynkin diagram 

the flavor group 

finite dimensional complex Lie group 

affine Kac-Moody group for G 

maximal compact subgroup of G 

maximal torus of G 

maximal torus of G 

the center of both G and G 

adjoint form of the complex Lie group G 

the maximal torus of G a< ^ 

adjoint form of the complex Lie group G q 

its maximal torus 
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Lie algebras. 

q Kac-Moody Lie algebra associated with quiver Dynkin diagram 
Lie(G) 
f) Lie(T) 

Representation theory, appendix [C] 

Oj Kac-Dynkin marks 

Q,A V root lattice, coweight lattice 

A, Q v weight lattice, coroot lattice 

Ri i'th fundamental representation of G 

Ri i'th fundamental representation of G 

IZi i'th. fundamental representation of GL^ 

Spaces. 

B(q) T/W(q) the space of conjugacy classes in G 

B(g q ) T q /W(g q ) the space of conjugacy classes in G q 

-B ad (g) T/(Z x W(q)) the space of conjugacy classes in G ad 

-S a< ^(flq) T q /(Z x W(Qq)) the space of conjugacy classes in G ad 

C( x ) complex plane C in 4d, cylinder C x in 5d, torus E in 6d 

CF\ X) = C {x) U { oo } 

£(q) elliptic curve C x /q z 

q | [ q" 1 for class II theories 

i£Vert 7 

Bunc(£) coarse moduli space of semistable holomorphic G-bundles on £ 

9Jt the Couloumb moduli space of the 4d xS77(vj) gauge theory 

9Jt ext the Couloumb moduli space of the 4d xC/(vj) gauge theory 

*P — > 9Jt the algebraic integrable system dime ^3 = 2 dime 071 

^ext _^ ^cxt the complex integrable system dim c qT xt = 2 dim c TT xt 
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Seiberg-Witten curves. 

C u cameral curve: section 16721 



C u spectral curve: section |6.3 
C obscure curve: section Itx4l 
x flat coordinate on C( x ) 



amplitudes (the solution of the theory): section 5.1 
Ti(x) gauge polynomials of degree Vj 
7i(x) matter polynomials of degree Wj 

g(x) valued analytic function on C^) 

g(x) G q valued analytic function on C/ x \ 
Xj G q character (or Weyl invariant) for i-th fundamental weight of G c 

Partitions. 

A partition (Ai > A 2 > . . . Xim > 0), Aj G Z> 
£(X) the length of the partition A 

|A| the size of the partition |A|= Aj 

2=1 

Let x G R z be a sequence (xi)i e z, with in some ring R. 
Consecutive products. 

y-rk=j+i— 1 

[i] _ llfc=-oo X fc 

ni=-oo 



for example 



x [i+i] =x w Xi+1 



x l 1 = 1, 

[2] _ 

2^4 — X4.X5, 

T [-l] - T -l 
[-4] -1 -1 -1 -1 

J- c 1 J>o J/n 



Consecutive sums. 



X(i) — 

j=-oc j=-oo 
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for example 

X(3) 
X (-2) 
A(£(A)) 



0, 

x 1 + x 2 + x 3 , 
-x - 
|A| 



CHAPTER 2 



Supersymmetric quiver theories 

Consider any M = 2 supersymmetric field theory in four dimen- 
sions whose gauge group is a product of special unitary groups, while 
the matter hypermultiplets are in the fundamental, bi-fundamental, 
and adjoint representations. The field content, the parameters of the 
Lagrangian, and the choice of the vacuum are conveniently encoded in 
the quiver data, which is: 

(1) An oriented graph 7 with the set Vert 7 of vertices and the set 
Edge 7 C Vert 7 x Vert 7 of oriented edges. Let s,t : Vert 7 x 
Vert 7 — > Vert 7 by the projections onto the first and the sec- 
ond factors. They define the two maps s,t : Edge 7 — » Vert 7 
which assign to an oriented edge its source and the target, 
respectively. In what follows we shall use the notation 

|Vert 7 |= #Vert 7 

for the number of vertices in the quiver. 

(2) An assignment of polynomials to the vertices: 

7, CP : Vert 7 ->• C[x], % H> J^x), CP;(x) (2.1) 

and v,w : Vert 7 — y Z + , where 

Vj = degli, Wj = degTi, i e Vert 7 

The polynomials 7i{x) are monic, the highest order term co- 
efficients qi of the polynomials 7i{x) are required to obey: 

hil< L 

(3) A 1-cocycle m G C 1 (7,C), in other words an assignment 

e G Edge 7 H> m e G C . (2.2) 

We now proceed with the explanation of the roles of the polynomials 
T, CP, as well as that of the cocycle m. 

13 



,log(q,) = £ + (2.4) 
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2.1. Gauge group, matter fields, couplings, parameters 

2.1.1. The gauge group. We denote the gauge group by G g . It 
is the product: 

G g = II SU ^i) (2-3) 

ieVert 7 

The vector multiplet therefore splits into a collection of vector multi- 
plets for the SU (Vj) gauge factors: 

= (^i)ieVert 7 

We have a gauge coupling e$ and the theta angle i?j for each i e Vert 7 . 
As usual, we combine them into the complexified gauge couplings, 

27ri 27T e- 

The bosonic part of the action for gauge fields is given by: 

£ym = ^ (i/ tr Vi F Ai A *F Ai + ^ / tr Vi F Ai A F Ai ) (2.5) 
ievcrt 7 ^ J m J ' 

where tr„ denotes the trace of a v x v matrix. The exponentiated 
coupling 

enters the path integral measure. The perturbative effects do not de- 
pend on while the non-perturbative effects, which are the contribu- 
tions of the gauge fields with non-trivial instanton charge, depend on 
q*, qV In other words, the partition function is expected to be invariant 
under the shifts 

n — >■ r t + l . (2.6) 

For % G Vert 7 let denote the corresponding complex scalar in the 
adjoint representation. The bosonic potential of the vector multiplet 
field $j contains a universal term 

tr Vi [QiM? 

plus some possible non-negative terms coming from interactions with 
matter fields. If the matter fields are massive then this term alone 
forces $j to commute with its conjugate at low energies. Therefore, at 
low energy the field <3>j can be diagonalized: 

— ► diagKX=i, (2-7) 

The gauge invariant order parameters are the vacuum expectation val- 
ues of the coefficients of the characteristic polynomial Tj of $j: 

T i (x) = (det Yi (x-$ i )>„ (2-8) 
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where we assume the normalization (l) u = 1, and det„ denotes the 
determinant of a v x v- matrix. Therefore the polynomials Tj(x) in 



(2.8) are monic. 

Thus, a collection of polynomials Ti(x), i G Vert 7 fixes the choice 
of the vacuum u = (w»,a) G VJt: 

Vi 

7i(x) = + ^,a^ Vl_a (2.9) 

a=2 

Because of the non-perturbative (instanton) effects the relation between 
Mj a and cij ia is not polynomial, and for the same reason Tj(x) ^ )$i(x). 

2.1.2. The hypermultiplets in the bi-fundamental, or ad- 
joint representations. The bifundamental or adjoint hypermultiplet 
H e , e G Edge 7 transforms in the following G g representation: 

(v s (e),V((e)) © (v*( e ), V a ( e )) , for s(e) ^ t(e) 

Adj(sw(vj)), for s(e) = £(e) = i 
The masses of the bi-fundamental hypermultiplets are conveniently rep- 
resented by the 1-cocycle: m G C 1 (7, C): 

e i — y m e 

Let [m] G if 1 (7,C) be the corresponding cohomology class. If we 
denote by m* a particular representative of [m] in C 1 (7, C), then 

m = m* + 5/i, //eC°(7,C) (2.10) 

or, in components, 

m e = m* + /i t ( e ) — /i s ( e ) 

2.1.3. The hypermultiplets in the fundamental representa- 
tions. These are assigned to the vertices i G Vert 7 . We have w$ such 
multiplets. Write 

7i{x) = c\i\{{x - m^) (2.11) 

f=i 

Then mu are the masses of the fundamental hypermultiplets, charged 
under SU(vi). A Wj-tuplet of fundamental hypermultiplets can be 
thought as a bifundamental (v,, fj) for SU(vi) and an auxiliary frozen 
U(wi), so that rriij can be interpreted as the values of the frozen scalar 
field in the vector multiplet of U(wi). 
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The ADE classifications of superconformal J\f = 2 

theories 

In quantum gauge theory the coupling constants e, are subject to 
the renormalization which leads to their dependence on the energy scale 
at which one measures the interaction between the charged particles. 
The consistent theories have the gauge couplings which tend to zero as 
the scale approaches ultraviolet, or approach some fixed values. These 
theories are called asymptotically free and asymptotically conformal, 
respectively. Moreover, starting with the asymptotically conformal the- 
ory, one can perturb it by the mass terms. Then, by tuning the masses 
and the bare couplings, one arrives at the asymptotically free theory. 
All asymptotically free quiver theories arise in this way. Therefore it 
suffices to solve the asymptotically conformal theories. 

From the perspective of geometrical engineering the ADE quiver 
theories were studied in jTH] , and three dimensional ADE quiver theo- 
ries were studied in [52]. 

3.1. Beta functions and Cartan matrix 

The running of the gauge coupling Tj is described by the Gell-Mann- 
Low equations which are one-loop exact for the M = 2 supersymmetric 
theories, the result of jHH]- The actual contributions of the matter and 
gauge multiplets to the gauge couplings are: 

e: t(e)=i e: s(e)=i 

where A is the energy scale. The theory is asymptotically conformal if 
(3i = vanishes for all i G Vert 7 . The theory is asymptotically free if 

A<o. 

Let us define the incidence of the pair of vertices Iij to be the 
number of edges e connecting the vertices i and j: 

Iij = #{e | s(e) = i, t(e) = j, or s(e) = j, t(e) = i} (3.2) 

with the understanding that if the vertex i G Vert 7 is connected to itself 
by a loop, then the corresponding edge contributes 2 to the incidence 
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matrix element la. Define, for all quivers, the Cartan matrix of size 
|Vert 7 | x |Vert 7 | 

Cij = 25ij — Iij (3-3) 

Then 
where 



0i oc (w - Cv)j 



(Cv), = J2 C W ■ 

jeVert 7 

Let us solve the j3{ = conditions (cf. [51], [18J, |55j). It is convenient to 
separate the solutions into three cases, which we shall call the theories 
of Class I, the theories of Class II and the theories of Class II*. By r 
we shall denote the rank of the Cartan matrix C 

r = rk(C) (3.4) 

The main difference between the Class I and Class II, II* theories is 
that the Cartan matrix of Class I theories has the maximal rank 

r(C 7of class i) = |Vert 7 | (3.5) 

while for the theories of Class II and Class II* the Cartan matrix has 
one-dimensional kernel, 

r(C Joi class n) = |Vert 7 |-l (3.6) 
3.2. Class I theories 

The solutions to the equations /3j = with w/fl are the theories 
of Class I. It is well-known that the graph 7 is in this case a Dynkin 
diagram of a finite dimensional simple simply-laced Lie algebra $j q , of 
the ADE type, with Vert 7 labeling the simple roots of $j q : 

i G Vert 7 1 — y en 

To solve the equation = is equivalent to finding two vectors 



with non-negative components Vj,Wj G Z> , such that (cf. (3.3) 

w = C7 9q v (3.8) 

where C 0q is the Cartan matrix of the corresponding finite dimensional 
Lie algebra Q q of the ADE type. Equivalently 

i£Vert 7 

where A/ are the fundamental coweights of g q . 
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For class I theories we set G q = G where G is finite dimensional 
complex ADE group. 

Remark. In the case of g q of the A r type the dimensions must be 
a convex function of i. In particular, they grow with i, for i — 1, . . . 
and then decrease: 

vi < v 2 < . . . < Vi„_i < v u > Vi, + i > > v r (3.9) 

REMARK. The graphs of the D r and E r Dynkin type have a single 
tri-valent vertex, let us call it i*. One can easily show using the Pi = 
equations that is the maximal value of Vj on i e Vert 7 , and that Vj 
decrease along each leg emanating from the tri-valent vertex i*. 

3.3. Class II theories 

The Class II theories have w = 0, and [m] = 0. It is well-known 
that the graphs 7, such that the corresponding Cartan matrix C has 
a zero eigenvector with positive integer entries are in one-to-one corre- 
spondence with the simply laced afline Dynkin diagrams (see Appendix 
[A] for our conventions on ADE graphs and McKay correspondence): 

(1) A r , r > 2, 

(2) D r , r > 5, 

(3) E r , r = 7,8,9 

These Dynkin diagrams correspond to the afline Lie algebras $j associ- 
ated to finite dimensional Lie algebras q of rank r. We set G q = G 
and $3 q = g. We discuss the relevant aspects of the theory of afline 
Kac-Moody algebras in the following subsections. 

Note that the Aq case (its quiver has one vertex and one edge con- 
necting it to itself), given our constraint [m] = for the Class II theory, 
corresponds to the M = 4 superconformal theory. It is well known that 
the classical moduli space of vacua gets no quantum corrections in this 
theory. 

The dimensions v are uniquely specified, up to a single multiple: 

v^Nai (3.10) 

where are the so-called Dynkin labels. We shall recall several inter- 
pretations of these numbers below. 

3.4. Class II* theories 

The Class II* theories have w = and [m] 7^ 0. The first condition 
reduces our choice of 7 to the affine Dynkin diagrams (including the A Q 
case of the quiver with one vertex and one loop connecting this vertex 
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with itself). The second condition implies that 7 is the Dynkin diagram 
of the A r type for some r > 1. Indeed, only in this the affine Dynkin 
diagram has H 1 ^, C) = C, the diagram being a regular r + 1-gon. The 
dimensions v* are all equal to N, a non-negative integer. 

In particular, the Class II* r = 0, A -theory with [m] 7^ is the 
celebrated M = 2* theory, the SU (N) theory with massive adjoint 
hypermultiplet. 

We shall see that the Kac-Moody Lie algebra which corresponds to 

the theories of Class II* is the fll(oo) algebra, which contains u(r) as a 
subalgebra of r-periodic matrices. 



CHAPTER 4 



Low-energy effective theory 

We now can proceed with the main subject of our study. Our goal is 
to determine the two-derivative/four- fermions terms in the low-energy 
effective action of our theory. 

The low-energy effective theory of the M = 2 supersymmetric 
quiver theory with generic masses (m e ), (wj,f) is the abelian M = 2 
theory of r vector multiplets, 

i£Vert 7 

For generic masses the theory has the manifold SOT of vacua, which is a 
complex variety of complex dimension r: 

dime SOT = r , 

The effective theory is a sigma model on SOT, interacting with r abelian 
gauge fields A^, X = 1, . . . , r, and some fermionic fields. Our goal is to 
determine the metric on SOT, the effective gauge couplings Imrxj and 
the effective theta-angles Rerjj- of these gauge fields. 



4.1. Special Kahler geometry 



One can interpret the eigen- values (2.7) obeying 

J2 a ^ = ° ( 4 - 2 ) 

a=l 

as the special coordinates on the moduli space SOT of vacua. As is well 
known, SOT is a Kahler manifold, with a peculiar metric, and a rigid 
system of local coordinate systems. The corresponding geometry is 
called the rigid special geometry, and it is a limit [1] of the special 
geometry of M = 2 supergravity, studied in |56| . 

Let us label the effective abelian vector multiplets A x by X = (i, a), 
i G Vert 7 , a = 2, . . . , Vj. In components: 

A 1 = a 1 + Vif 1 + )~ + . . . 
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where 

{Fit = \{Fi± **3 ( 4 -3) 

The scalar components a x <H- aj. a , a = 2, . . . , v,, more precisely their 
vacuum expectation values are the local special coordinates. Globally 
they are subject to monodromy transformations, unlike the global co- 



ordinates (lit a ) m Eq. (2.9), which are defined via the expectation 
values of the gauge invariant local operators of the microscopic theory. 

The monodromy transformations act by symplectic transformations 
mixing the special coordinates a 1 and their duals a® together with the 
masses (m e ), e G Edge 7 and (m^f), i G Vert 7 , f = 1, . . . ,Wj. The dual 
coordinates are the derivatives of the prepotential 3, 

4 = § (4.4) 

The prepotential is a multi-valued analytic function of a x , it is the 
superspace action which determines the low-energy effective action in 
the approximation we are working: 

£6ff= ^/ ^j(Fl)-A(F^-+f I j(Fl) + A(F^ + -ilmr I jda x A^da J 

(4.5) 

where 

- w < 4 - 6 > 

The invariant formulation of Eq. ( |4.4[ ) is that the two-form 

- x A da? 



^2 da 1 r. unj 

i 



identically vanishes on VJt. The proper formulation of this condition 
uses the additional structure which we review below. 

4.2. Extended moduli space 

In our solution of the theories of class I and class II it would be 
sometimes convenient to trade the bifundamental masses formally with 



the £7(1) factors as explained in (2.10) if one considers x igV ert U(\i 



gauge group instead of x igVert7 S'?7(v i ). The |Vert 7 | — 1 bifundamental 
masse^jand one overall £7(1) factor add |Vert 7 | parameters to VJt. We 
set 

m ext = m x c Vert ^ (4.7) 



1 Recall that in the class II A r theory there are r mass parameters that can be 
traded for the U(l) scalars and 1 additional "twist" mass parameter m* promoting 
the class II to class II* 
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with 

dim c 9tt ext = dim c 971+ |Vert 7 |= ^ v, (4. 

i£Vert 7 

For the class II theories 



dim c 0Jl ext = Vi = Nh (4.9) 



ieVert 
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where h = Revert a i ls t ne Coxeter number of G. Recall that we only 
encounter simply-laced Lie algebras for which h = h w . 

We should emphasize that only the true moduli space 9Jt of vacua 



has the special geometry with (4.6) defining a positive (outside the loci 



of singularities which signal the appearance of massless BPS particles) 
metric in the appropriate duality frame. On the extended moduli space 
9Jt ext the prepotential J still defines some kind of metric, but it can- 
not be positive everywhere throughout the variety of masses. This is 
because the dependence on masses is purely perturbative. Once we 
gauge the flavor symmetry (an example of such gauging, promoting 
the A\ class I theory to the D4 class II theory, will be discussed in 



section 7.5.1), we correct the metric by the instanton contributions. 



4.3. Finite size effects 

Subjecting the gauge theory to some boundary conditions reveals 
more structure. 

For example, we can compactify the four dimensional TV = 2 gauge 
theory on a circle S 1 of radius R. The resulting theory looks like a 
three dimensional sigma model with the target space which is a 
hyperkahler manifold of real dimension 4r. The hyperkahler metric on 

contains a lot of interesting information about the particle content 
of the original four dimensional theory. 

The hyperkahler structure on is a triplet of integrable complex 
structures, I, J, K, such that every linear combination (ai + bJ + cK) 
for a 2 + b 2 + c 2 = 1 is also an integrable complex structure, and a triplet 
of the corresponding symplectic forms Ui,coj,(jJjc which are the Kahler 
forms for the metric g on in the corresponding complex structures. 

Among the two-sphere of complex structures, one complex struc- 
ture, which is usually called I, plays a special role. This complex struc- 
ture and the corresponding (2,0) symplectic form Qi = uj + iu;K are 
visible in the limit R — > 00, where ^ as a metric space collapses to 9Jt. 
For very large but finite R the manifold looks like a fibration over 971 
whose fibers A u , u G 9Jt are the abelian varieties (complex tori, which 
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we describe in more detail momentarily) of diameter which scales like 
R- 1 . 

These fibers A u parametrize the S 1 holonomy of the abelian gauge 



fields A x and their duals A®. The reduction of the action (4.5) on S 1 
gives: 

£C fT3d = j iReTxj da X AB J + 

1 J (4-10) 
-Imrxj (Rda x A *da J + R^da 1 A *da J + RB X A *B J ) 

where we denote by * the three dimensional Hodge star, and by B x 
the curvature of the three dimensional gauge field B 1 = dA x d which is 
obtained by decomposing A x d = a x d6 + A x d . The scalar a x is actually 
circle-valued, since the gauge transformations e 2lTmxe shift it by 27rin 2 , 
n x G Z. Next we dualize the three dimensional abelian gauge field, 
by promoting B x to the independent 2-form, and coupling it to the 
dual scalar (3z, which is also circle-valued, in order to ensure the flux 
quantization of the original gauge curvature Bx- 



C eS3dd = J i (d/3j + Rerxj da x ) A B J + 



-Imrxj (Rda x A *da J + R^da 1 A *da J + RB X A *B J ) 

— > ^ J Imrxj da x A *da J + ^ J (Imr~ 1 ) XJ dzx A *dzj 

(4.11) 

In the last line we have integrated out the unconstrained Gaussian field 
Bx- We also introduced the holomorphic coordinates 

zx = Px + r XJ a J , J = l,...,r (4.12) 

on the fibers A u of the fibration *p — > VJt. Both ax and zx are the 
I-holomorphic coordinates on By construction, the coordinates zx 
are subject to the periodic identifications: 

z % z % + 2vri [n x + T XJ m J ) , n x , m x e Z (4.13) 

which confirm our assertion that the fibers A u of the map — > VJt are 
abelian varieties (recall that the metric Imrda £g> da is positive definite, 
the unitarity requirement). The coordinates ax, Zx are the Darboux 
coordinates for the (2, 0) form Qj: 

r r 

Qj = ^ da x Adz x = Y^ da x A dz x D (4. 14) 

X=l 1=1 



4.3. FINITE SIZE EFFECTS 



24 



as well as the electric-magnetic duals a® and zj^ = (r l ) XJ (3j + a x . 
The fibers A u are Lagrangian with respect to Qj. 



The metric on which enters the kinetic term in the Eq. (4.11) 
is actually not the correct hyperkahler metric on for finite R. It 
receives corrections which are exponentially small with R, 

~ e~ M(a)R (4.15) 

where M(o) is the mass of a BPS particle in the Hilbert space of the 
theory in four dimensions built over the vacuum u G VJt. As is well- 
known, the masses of some BPS particles vanish along some loci in 



OJl, where the corrections (4.15) become significant. One can show, 
however, that flj does not get corrected by the finite size effects of 
these BPS particles. 

One can also compactify the theory on a two-dimensional Riemann 
surface S (with a partial twist along S, to preserve some supersym- 
metry). For £ other then two-torus this leads to the two dimensional 
theory with M = 2 supersymmetry. One has various sectors labeled by 
the electric and magnetic fluxes e = (ex), m = (m x ) through S. In the 
sector where (e, m) ^ (0,0) one gets an effective superpotential [57J: 

r 

W(e,m) = exClX + mX °£ 
Z=l 

which in four dimensional theory is the central charge of the M = 2 
superalgebra. It is also equal to one of the action variables of the 
Seiberg-Witten integrable system [HE], [Z], 

If one compactifies on a two-torus, then the resulting two dimen- 
sional theory is the M = 4 supersymmetric sigma model whose target 
space *P is the hyperkahler manifold. 

It turns out to be quite useful to interpret the M = 2 theory on a 
four dimensional manifold X which can be viewed as a two-torus fibra- 
tion over some base B, as an effective sigma model with B as a world 
sheet. In case where the fibration has singularities of real codimension 
one (for example, if X is a product of a disk and a cylinder), then 
B has a boundary, and the smoothness of the four dimensional field 
configurations translates to particular boundary conditions in the two 
dimensional sigma model [60] . An interesting class of such boundary 
conditions come from the so-called canonical coisotropic branes [60l - l62| . 
The algebra of the open string vertex operators corresponding to such 
a brane turns out to be the deformation quantization [63J of the algebra 
of holomorphic (in the appropriate complex structure) functions on ^3. 
Remarkably, when is an algebraic integrable system in one of the 
complex structures, one can apply the fiberwise T-duality along the 
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Liouville fibers, leading to the mirror perspective on the quantization 
procedure. First of all, in the case of the Hitchin system the mirror 
manifold turns out to be the Hitchin system for the Langlands dual 
group. In the general case the mirror *}3 V of the original hyperkahler 
manifold is also expected to be an integrable system. The mirror of 
the canonical coisotropic brane is believed to to be a holomorphic (in 
an appropriate complex structure) Lagrangian brane. In the case of 
Hitchin system this brane is the so-called brane Bo of opers [62J. 

This approach to quantization of the integrable systems from gauge 
theories will be elaborated upon in j 19 j . 



The complex symplectic manifold (^3, Hi), its projection tt : ^3 — > 
9JT with Lagrangian fibers A u = 7r _1 ('u), u G 9JT, which are principally 
polarized abelian varieties (the principal polarization comes from the 
restriction of Ui onto the fibers) define what is known as the algebraic 
integrable system [51], [7], [59]. It is one of the possible complexifica- 
tions of the familiar notion of the completely integrable system in the 
classical mechanics. 

The other possibility, namely a complex symplectic manifold with 
the Lagrangian fibration whose fibers are the complex tori (C x ) r , is 
also realized in the context of gauge theories. However, the base of 
such a system typically parametrizes the space of mass parameters of 
the gauge theory. 

The fibers A u are the Liouville tori, while (ax, z%) are the action- 
angle variables. The novelty of the complex case is the doubling of the 
possible choices of the action-angle variables with fixed Liouville fibra- 
tion. Indeed, the fibers A u are the 2r-real dimensional tori, therefore in 
producing the action variables as in the Arnol'd-Liouville theorem one 
has a choice of r out of 2r cycles in Hi(A u ,1i). The lattice Hi(A u ,1i) 
has a symplectic form w, which comes from the polarization, i.e. a 
properly normalized class of the restriction It turns out that 

any Lagrangian sublattice L in Hi(A u , Z) defines a system of local co- 
ordinates (a/) on the base SOT near the point u G as well as the 
conjugate angle-like coordinates (zx) on the fiber A u itself. Let Ax be 
the integral basis of this sublattice L C Hi(A u , Z). Then 
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(4.16) 



One can also define 




(4.17) 
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where B x is the basis in the dual sublattice L v C H\(A U , Z), such that 
w(A x , Aj) = w(B x , B J ) = 0, w(A x , B J ) = 5^ (4.18) 
One then shows that 

r 

J2 daX Ada ? = ° ( 4 - 19 ) 

Z=l 



on 971, which, in turn, implies (4.4). The coordinates zx along A u 



are defined using (4.14) with the normalization (4.13) that half of the 
periods of zj are in 27riZ. 

The integrable systems which one encounters in the classical me- 
chanics are rarely given in the form of the action-angle variables. Usu- 
ally one has the phase space the symplectic form Qi, perhaps some 
Darboux coordinates 

r 

£li = y~" j dp x A dq x 

and the collection of Poisson-commuting functionally independent Hamil- 
tonians U\(p, q), . . . , U r (p, q). One then looks for the action-angle coor- 
dinates, i.e. the Darboux coordinates (a, z), such that the Hamiltonians 
Ux{p, q) — Wx(a) depend only on a, the action variables. The Hamil- 
tonian evolution then linearizes on the fibers A u , which are the level 
sets of the Hamiltonians. The motion is a constant velocity motion in 
the z coordinates: 

J=l x 

It is interesting to study the level sets A u of the Hamiltonians, the 
Liouville tori. The algebraic integrable systems are such, that the fibers 
can be compactified to become the polarized abelian varieties. Where 
do the polarized abelian varieties come from? 

4.5. Integrable systems from classical gauge theories 

One source of the polarized abelian varieties are the Jacobians of the 
algebraic curves. The Liouville tori of algebraic integrable systems can 
be often found inside the Jacobians of the algebraic curves, constructed 
while solving some classical gauge field equations. 

4.5.1. Hitchin system. There is an interesting class of algebraic 
integrable systems for which the Liouville tori are precisely these Jaco- 
bians. Take the U (N) Hitchin system on a genus g Riemann surface. 
The phase space is the cotangent bundle (up to a birational trans- 
formation) to the moduli space M^ yC of holomorphic rank iV vector 
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bundles E over £ with fixed first Chern class c = C\(E). It is con- 
venient to take (c, N) = 1 to avoid complications coming from the 
reducible connections. 

In the complex structure I the holomorphic coordinates on ^ are 
(A, $), where d+A is the (0, l)-connection on the smooth vector bundle 
E which endows it with the complex structure, and $ G End(E) £g) 
fi 1,0 (E) is the holomorphic Higgs field: 

<9$ + [A, $] = (4.20) 

The symplectic form on comes from the (2, 0) symplectic form on 
the space of all smooth pairs (A, $) 

Mi = J ti 6$ A 6A (4.21) 

by the symplectic reduction with respect to the action of the gauge 
group: 

g : (A, $) — > {g- l Ag + ^fy, .T 1 ^) 
The set of Poisson-commuting Hamiltonians is given by: 

U t , a = [ ^, a tr$ 4 , i = l,...,N (4.22) 

where ^ a G ^(S, a = l,...,(2i - l)(g - 1) + form 

a basis in the space of holomorphic (1 — i, l)-differentials. Fixing the 
values Mj a of all the Hamiltonians Ui y& gives us a point u G 071 in the 
vector space 

OJl = 0iJ o ' 1 (S,^ (1 ^ ) ) (4.23) 

i 

One defines the spectral curve C u C T*S as the zero locus of the 
characteristic polynomial of $: 

Det($ - A) = (4.24) 



It is a holomorphic curve thanks to (4.20), which is invariant under the 



Hamiltonian flows generated by the Hamiltonians (4.22). The curve C 
is an iV-sheeted cover of £ 

7r : C u — >■ E (4.25) 

Its genus can be computed using the Riemann-Hurwitz formula: 

2 - 2g Cu = N(2 - 2<fe) - 5 

where 5 = 2N(N — l)((fe — 1) is the number of branch points. The 
latter is the number of zeroes of the discriminant of the polynomial 



(4.24), which is a holomorphic iV(iV — l)-differential on S. Thus: 

9c u =iV 2 Gfe-l) + l 
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The Jacobian of C is thus an abelian variety of dimension 



N 



^=^ + ^(2j-l)fe-l) (4.26) 

i=2 

which is equal to the dimension of the base 9Jt of the Hitchin fibration. 
The fibers A u of the Hitchin fibration are thus the Jacobians of the 
corresponding spectral curves. 

One generalization is to study the SL(N) Hitchin system. In this 
case the corresponding rank N vector bundles have the trivial deter- 
minant, and the corresponding Higgs field is traceless. The base of the 
Hitch in fibration now has the dimension (iV 2 — l)(gs — 1), the equation 



(4.24) has vanishing oc A term, and the fibers A u are not the full 



Jacobians of the spectral curve C u , which still has the genus gc u (4.26) 
but the kernel Jo of the map 7T* : Jac(C u ) — > Jac(S), which sends the 
degree zero line bundle L on C u to the line bundle L = Def^L on E, 
whose fiber L z over the point z G E is the tensor product of the fibers 
L y of L over all preimages of z: 



£,= Q9 L v ( 4 - 27 ) 

ye-!T- 1 (z) 

The Hitchin system can be defined [65J for any algebraic Lie group 
G, with the maximal torus T. Let q = Lie(G), f) = Lie(T). The 
Hitchin space is the moduli space of stable pairs (V, $), where V is a 
holomorphic G-bundle over E, and $ is a holomorphic (1, 0)-form on 
E, valued in the bundle of Lie algebras $j, associated with V via the 
adjoint representation: 

$ e # (E,/\s®ad(P)) . 
The Hitchin fibration is again defined by fixing the gauge-invariant 
polynomials -P/($) G H° (t,,^^ of the g-valued Higgs field $: 

r 

U = {Pj{$)) r j=x eQcW-^-i) = m 

3=1 

where dj's are the degrees of basic Ad-invariant polynomials on q. 

The fibers of the Hitchin fibration are now trickier to define. First 
of all, there is no preferred notion of the spectral curve. For some gauge 
groups one can use the minuscule representation, but this is not always 
available. 

One option is to consider the so-called cameral curve C u , which is 
a H^(g)-cover of the base curve E. The points of the cameral curve 
C u are, over generic z, the pairs (ip,z), where z G E and ip G f) is the 
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element of the fixed Cartan subalgebra P) C g which is conjugate to the 
Higgs field $(z). This definition makes sense for the points z G S for 
which $(z) is semi-simple, i.e. belongs to the ac?(G)-orbit of an element 
in P). If this is not the case (e.g. $(z) is conjugate to a Jordan block 
in the GL(N) case), one can find an appropriate representative in f) by 
modifying the equivalence relation (e.g. two matrices are equivalent if 
their characteristic polynomials coincide). To stress the fact that C u 
depends on u which is the set of holomorphic dj- differentials Pj(<&) ■ 

Over C u so defined one has r line bundles, £j, i = 1, . . . ,r, which 
correspond to the fundamental weights A, G f)*. The line bundle C{ is a 
subbundle in the holomorphic vector bundle Rj = B4 XqV, associated 
with V via the z'th fundamental representation B4 of G. The fiber of 
Ci C R, over (if, z) is the eigenspace corresponding to the eigenvalue 
AiO). 

To any weight vector A G A a line bundle C\ over C u can be asso- 
ciated: 

r r 

A = J>A ^C x = ^Cf n * (4-28) 

i=l i=l 

In a more physical language, the Hitchin moduli space is the quotient 
of the space of pairs (A, $), where A is a (0, l)-connection on smooth 
principal G-bundle V over S, and $ is a (1,0) Q- valued form, which 



are compatible, i.e. solve the Eq. (4.20), and are considered up to the 
G-gauge transformations: 

g : (A, $) 1 y (g- l dg + Ad g A } Ad g §) 

By fixing the partial gauge $ = if G f) for fixed f) C 0, one reduces the 



gauge invariance from G to N(T). The Eq. (4.20) imply that in this 
gauge A is a T-connection A = a, with the T subgroup of N(T) acting 
by the T-gauge transformations a t— > a + <9x ; eX G T. On S the T- 
valued gauge field and the f)-valued Higgs field (p are not well-defined, 
since there are the W(g) = N(T)/T remaining gauge transformations. 
On C, however, both if and a are well-defined. In fact, a defines on C u 
a holomorphic principal T-bundle T, so that Lj = T Xi . The T-bundle 
T is iy($j)-equivariant. This is the translation of the fact that the 
Weyl group W(q) acts simultaneously on if and a. The isomorphism 
(properly understood at the ramification points) 



Holomorphic H / (g)-covers C of E, 

principal G-bundles ?on E, C C T*S ® fj, 

holomorphic Higgs fields <^ holomorphic H / (g)-equivariant 
$ G H°(E, K% <g) ad('P)) principal T-bundles on C 
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allows to represent the Hitchin moduli space as a fibration over 
the vector space VJt, whose points are the W / (g)-invariant curves C u 
sitting in the tensor product T*S £g> f) (this is almost a tautology: a 
W / (g)-invariant curve in T*S <g> t) is a curve in T*S <g> t)/W(g), i.e. a 
holomorphic section of the vector bundle T*S (g) C[h] H/ ( * ) ). 

The fiber A u of the Liouville fibration (which is called Hitchin's 
fibration in this case) is a generalized Prym variety, which is, roughly 
speaking, 

A u « Hom^ (8) (A, Pic(C n )) = Bun T (C u ) w ^ (4.29) 

The papers [66], [67], [6S] correct the Eq. ( |4.29| ) in a couple of subtle 
points as well as provide the additional theory. 

4.5.2. Instanton moduli spaces as integrable systems. Hitchin's 



equations (4.20), for flat S, are the dimensional reduction of the instan- 
ton (or anti-self-duality) equations from four dimensions. It turns out 
that one can get an integrable system directly from the moduli spaces 
of four dimensional instantons, or three dimensional monopoles. 

We only briefly sketch the constructions here. 

Let S be an elliptic K3 manifold, i.e. an algebraic surface, with 

2 1 

the holomorphic u) s ' form, and with the projection ix : S — > CP 
whose fibers n-\z), z e CP 1 are the elliptic curves Z z (generically 
nonsingular). One can endow S with the hyperkahler metric. Consider 
the moduli space = M.^{G) of charge N G-instantons on S, i.e. the 
solutions to the system of partial differential equations 

F A Aui = F A A uj = F A A u K = 

*r= (430) 

(the last equation is a linear combination of the J and K equations 
from the first line) of fixed instanton charge N > 0: 



^ [ trF A AF A = N (4.31) 
to" Js 



8tt 2 

Here G is some compact simply-connected simple Lie group, which 
has a simply-laced Lie algebra Q. The moduli space *p = A^at(G) is 
also hyperkahler, in particular it is holomorphic symplectic, with the 
(2, 0)-form given by: 

n?' G = [ Jf AtrMA 5 A (4.32) 
Js 

The integrable system structure is obtained by studying the restric- 
tion of the instanton gauge field on the elliptic fibers, where generically 
they define a point in the coarse moduli space Bun G (£ z ) of semi-stable 
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principal holomorphic G-bundles on the fiber, see C.5 Thanks to 
E. Loojienga's theorem, this moduli space is a weighted projective 
space, which can be identified for different non-singular fibers. One 
gets thus a section of the locally trivial bundle of 

n : ? = |J Bun G (£,) — > CP 1 

zscp 1 

One has to be careful at the singular fibers. The base 9Jt of the inte- 
grable systems is the properly compactified moduli space of the holo- 
morphic sections a : CP 1 — > 7 of appropriate degree with some ram- 
ification conditions at the discriminant locus of the original elliptic 
fibration n. 

In this work we shall not encounter these difficulties. 

In fact, as we shall explain in more detail in the section |8j the 
moduli spaces of vacua of the quiver gauge theories we study lead to 
the integrable systems which arise from the the moduli spaces of G- 
monopoles on R 2 x S 1 for class I theories with G q = G, or from the 
moduli spaces of G-instantons on M 2 x T 2 for class II theories with 
G q = G. Here G is a compact Lie group, whose complexification is the 
complex simple Lie group G. 

The moduli space ^ of G-instantons, viewed in the complex struc- 
ture where IR 2 x T 2 = C 1 x £, is birational to the moduli space of 
semi-stable holomorphic G-bundles on CP^ x £, with fixed trivial- 
ization at oo x £. The moduli space projects down to the moduli 
space 9Jt of quasimaps from CP^ to the moduli space of semi-stable 
holomorphic bundles Bunc(£) on a fixed elliptic curve £. The mod- 
uli space of monopoles maps to the moduli space of quasimaps with 
prescribed singularities on CPf^ to B(q) = G/Ad(G) = T/W(g). 

4.6. Extended moduli space as a complex integrable system 

The extended moduli space 9JT ext is a base of a complex, but not 
algebraic, integrable system <p oxt — >■ 9JT cxt . The Liouville tori of this in- 
tegrable system are acted on by an algebraic torus (C x ) Vert7 , so that the 
quotients are the compact abelian varieties, the Liouville tori fibered 
over 971. The symplectic quotient of <p cxt with respect to (C x ) Vert T 
at some level of the moment map, which is linearly determined by the 
values of the bi-fundamental masses, gives Recall that Duistermaat- 
Heckmann theorem [69J then implies that the cohomology class [Oj] of 
the (2, 0)-symplectic form Qj on 9Jt is linear with masses. 



CHAPTER 5 



The limit shape equations 



In this section we return to the microscopic analysis of our gauge 
theory. Recall that the Af = 2 supersymmetry algebra is generated 
by four supercharges Q ai , a = 1,2, i = 1,2 of the left and by four 
supercharges Q^, a — 1, 2 of the right chirality. The prepotential J- (A) 
of the theory is a function of the superfield A which is annihilated 
by Q a j's. We shall now focus on the observables which are in the 
cohomology of one of the Q ai supercharges, which we shall call simply 



The basic such observable is the scalar <3>j in the vector multiplet. 
More precisely, any gauge invariant functional, in particular the local 
operator P($j(x)), where P is some invariant polynomial on the Lie 
algebra of S77(Bj), and x is a point in space-time, is annihilated by 
Q. Moreover, the observables P($j(x)) and P(<3>j(x')) for two differ- 
ent points x and x' are in the same Q-cohomology class. Therefore, 
one may talk about the vacuum expectation value of P($«) without 
specifying the point x. 

Consider the observables O n>i = tr v . $™. Form the generating func- 
tion: 



which turns out to be well-behaved for sufficiently large x. We shall 
denote the x-plane where ]$i(x) are defined, by C/ x \. Actually, the 
analytic continuation in the x variable gives us the set ^(x) of multi- 
valued analytic functions on C( x ), 



This set of multi-valued functions captures the vacuum expectation 
values of all the local gauge invariant observables commuting with the 
supercharge Q. 

REMARK. The general relation between the amplitude functions 
^i(x) and the polynomials Tj(x) generating the first non-trivial Casimirs 
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Q. 



5.1. The amplitude functions 




(5.1) 



^(a:) = (yi(ar))tevert 
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of the gauge group G g is 



Ti(x) = {%{x)) 



+ 



where (•••)+ denotes the polynomial part. 

In what follows we shall use another set of (Tj(x))j 6 vert polyno- 
mials, degTj(x) = Vj, which are not monic. The coefficients of Ti(x) 
are related to the coefficients of Tj(x) by a "mirror map" change of 
variables, which will become clear in the course of our exposition. 

REMARK. In the way we defined these functions, the information 
about the vacuum expectation values of these observables is contained 
in the expansion of near x = oo on the physical sheet of these 

functions. It would be interesting to see whether the expansion at 
x = oo of the branches of ^(x) contains information about the vevs 
of the chiral observables of the theories, related to the one we started 
with via some version of 5-duality. 

The functions ^(x) are the integral transforms of the densities 



which describe the combinatorics of the set of fixed points of the sym- 
metry group action on the instanton moduli space used in the local- 
ization approach to the calculation of the supersymmetric partition 
function of the gauge theory. We do not review the formalism j3] in 
this work. For the prior work on the subject see 0, [70H7U] and for the 
novel applications and refinements see [13, 80J. 

Instead we write down the equations obeyed by the amplitude func- 
tions, the so-called limit shape equations, generalizing the limit shape 
equations studied in plf Pf3 | I81T - I83] . We shall solve the limit shape equa- 
tions using the analytic properties of the amplitude functions. One 
finds that the analytic continuation of these functions is governed by 
the monodromy group, which we shall call the iWeyl group (the in- 
stanton Weyl group). 

The iWeyl group is the Weyl group W^(jJ q ). For the Class I theories 
VT(flq) is the finite Weyl group W(g) of the corresponding ADE simple 
Lie algebra $j, for the Class II theories the iWeyl group turns out to 
be the affine Weyl group W(g) of the corresponding affine Lie algebra 
q = g q . The Weyl group of GL^ shows up in the Class II* theories. 

We solve the limit shape equations by constructing the iWeyl invari- 
ants Xj(y(x)) of ^j(x + /ij), for the appropriate shifts fa, and showing 
that these invariants are polynomials in x, 



Pi(x) 



x e R, i e Vert. 



- 7 , 



X j (y(x))=T j (x), 



j G Vert, 



'7 



(5.2) 
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For the Class II theories the invariants Xj are convergent power series 
in q^. Moreover, in each order in expansion in q = Yli tft they are finite 
Laurent polynomials in Vj's. For the Class II* theories the invariants 
X-,- are convergent power series in qj, and finite Laurent polynomials 
in ^j(x + fij + lm*), for a finite collection of integers I G Z, again in 
every order in q expansion. For the Class I theories the functions Xj 
are polynomials in CPj(x) and Laurent polynomials in Vj(x). 

5.1.1. The densities and the amplitude functions. The am- 
plitude functions ^(x) are the multi- valued analytic functions, which 



we defined, for large x, via Eq. (5.1): 



^i(x) = exp (tr Vj log (x - (5.3) 
One shows, using the fixed point techniques that 

^i(x) = exp / dxpi(x)\og(x - x) (5.4) 



where the density function Pi(x) has compact support which consists 
of Vj intervals 

Vj 

supp pi = y i ijSL 

a=l 

The intervals Ii a should be thought of as the "fattened" versions of the 
eigen-values a^a- More precisely: 

Pi(x)dx, a iiSL = / xpi(x)dx (5.5) 

The functions Vi(x) have, therefore, the cuts at the intervals 7j ia , with 
the limit values )$f of the ^ function at the top and the bottom banks 
of the interval Jj ja being related via: 

/X 
Pi(x)dx 
-oo 

One then analytically continues ^(x) across the cuts, which leads to 
the set of the multi-valued analytic functions. We shall describe this 
analytic continuation in detail in the coming section. 



5.1.2. The special coordinates. From the Eqs. (5.3) and (5.5) 
one derives: 



— J) xd\og^i(x) (5.6) 
7ri JA,. a 



where A ia is a small loop surrounding the cut I ijSL , see Fig. 5.1 
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Figure 5.1. Support intervals 7j ia of the densities pi and 
the cycles Ai a 

5.2. The limit shape prepotential 

The prepotential of the low-energy theory is expressed in terms of 
the densities as follows: 



F^m^r) = — / / dx'dx" pi{x')pi{x")K,{x — x") 

J 2 ieVert 7 

+ / / dx'dx" p t ( e )(x / )p s(e )(x // )/C(x / - x" + 

J ^ 2 eSEdge 7 

f ( 2 Wi \ 

+ / dx M x ) ( OogflOy + S^( x-m *>f) ) 

i£Vert 7 ^ M V f=l / 

Pi(x)dx 



i,a \ "^v 

E fl fa _ / 

i,a \ JI *,> 



xpi (x) dx 



where the constraints (5.5) are incorporated by the last two lines via 
Lagrangian multipliers b{ a , af a , 



„2 



and A;jy is the UV cutoff scale. In fact, the Ajjy-dependence drops 
out for the theories solving the = equations. However, in the 
intermediate formulae we keep the explicit Aj/y-dependence. 

5.2.1. The limit shape equations. Originally the limit shape 
equations were derived as the variational equations on J 7 (see [I], [81]). 
These are linear integral equations on the densities Pi(x): for any x G 



5.2. THE LIMIT SHAPE PREPOTENTIAL 
/j 5 a the following should hold 

— 2 / pi(x)IC(x — x)dx+ 
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+ Y~] / Ps( e )(x)/C(x - x + m e )<ix 



e: t(e)=i 



+ ^ / p t ( e )(x)/C(x - x - m e )cix 



(5i 



e: s(e)=i 



+ /C(x - m iif ) + ylog(qi) = x a£ a + b M 
f=i 



where of a , bj a are some constants, the Lagrange multipliers for the 
conditions (5.5) which are determined from the solution. Actually, a 



D 



is the dual special coordinate, cf. (4.4) 



D 



da,i 



(5.9) 



We find it useful to rewrite the second derivative with respect to x of 
the linear integral equations (5.8) on p»(x) as the non-linear polynomial 
difference equations on the amplitudes ^(x): 

yt(x)yj-(x) = V>i(x) J] V s(e) (x + m e ) n y t(e) (x-m e ) (5.10) 

e: t(e)=i e: s(e)=i 



for x e Ii, a , a 



, Vj, where we used the notation: 



yf(ar) =%{x±i0), 



x G L 



(5.H) 



5.2.2. The mass co cycles. In what follows we shall redefine the 
amplitude functions and the CP-polynomials 



Vli{x) ->■ ^i(x + Hi 



9i(x) ->■ ^(x + zii 



(5.12) 



so as to simplify the shifts of the arguments by the masses m e of the 
bi-fundamental hypermultiplets: 



The equations (5.10) are the main equations which determine the low- 
energy effective action as well as the expectation values of all gauge in- 
variant chiral observables. One can view the Eqs. (5.10 ) as a Riemann- 
Hilbert problem. They are also similar, but not identical, to the so- 
called Y-systems and discrete Hirota equations. 
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For the class I and class II theories the shift (5.12) maps the equa- 
tions (5.10) to 

VtW&Tix) = %{x) J] ^(x) 7 - (5.13) 

jeVert 7 

where for the class II theories J'j(x) = q^. For the class II* theory 
A*, with the clockwise, say, orientation of the quiver, we can m ake all 
masses m e to be equal, m e = ^ryttl, by using the shift (5.12). More 
precisely, in writing (5.14) we chose the representative m such that if 
all the edges are oriented so that t(e) = (s(e) + 1) mod (r + 1), then 

(5.14) 



m 'e = ^+I m - Tnen 



yt(x)%(x) = qiVi.! ( x- j % +1 (x + 



r + 1 



r + 1 



where y i+r+1 (x) = ^Ax) 



5.2.3. Analytic continuation. We use Eq. (5.3) to analytically 



continue the functions ^i(x) through the cuts 7j ia : for the Class I and 
II theories, after the redefinition (5.12) which eliminates m e : 



j£Vert 7 



x) Cl] 



(5.15) 



For the Class II* theories after the redefinition (|5.12|) we have the 

(5.16) 



following analogue of (5.15): 



(x - ^t) (x + ^) 



5.3. The iWeyl group. 



The transformations (5.15, 5.16) generate a group, which we shall 



call the instanton Weyl group, or iWeyl group, l W, for short. This 
group can be defined for a much larger class of M = 2 theories, not 
necessarily of the superconformal quiver type we study in this work. 

It is clear that the transformations are reflections r j o = Id, so 
the iWeyl group is the group, generated by reflections. 



Now, by comparing Eq. (5.15) and Eqs. (C.31), (C.58) we see that 



for the Class I theories the iWeyl group is the finite Weyl group W(g). 
Similarly, for the Class II theories the iWeyl group coincides with the 
affine Weyl group W(#). For the Class II* theory the iWeyl group is 
the Weyl group W(q1 00 ) of the group GL^. 

The groups G, G, GL^ and their Weyl groups are discussed in 
Appendix. 
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5.4. Moduli of vacua and mass parameters 



After all the redefinitions (5.12) the original mass parameters m e 



the moduli (a x )z = i of the vacua u £ 9Jt, and the derivatives of the pre- 
potential (dJ r /da x ) are recovered from the study of periods of certain 
differentials on the curve C u defined as follows. 

5.4.1. The first glimpses of the cameral curve. The functions 
]$i(x), i £ Vert 7 , after the maximal analytic continuation through the 
cuts Ii a form a local J W-system. It is easy to see that, as long as \ qj |<C 1 
for all j £ Vert 7 , there is exactly one branch of ^j(x) as x — » oo which 
behaves as: 

Vf hys (x) ~ x v * + . . . (5.17) 
The other branches behave as 

y unphys (x) _ | j | , V | ,.v, + { r ) } . 



with riji > 0, and 




J2 n n > • 



3 

Now, the branches meet at the cuts 



U 



(5.19) 

i£Vert 7 ; a=l,...,Vi 

for the Class I and II theories, and at the cuts 

U + ^TT Z ^- 20 ) 

w r + 1 

ieVert 7 ; a=l,...,N 

for the Class II* theories. 

The collection of these branches defines a curve C u which we shall 
describe explicitly in the next section. The curve C u is a *W-cover of 
the x-plane G( x \, with the branch points at the ends of the cuts Ii >a . 
Because of the *W-action on C u and the relation to the Weyl groups 
which permute Weyl cameras, the curve C u will be called the cameral 
curve, following j66] 

5.4.2. The special coordinates and the mass parameters. 

Take the physical branch and expand it at x — oo. Then the next- 
to- leading term gives /Xj, the mass shift which determines (or partially 
determines, in the II* case) the bi-fundamental masses: 

ys (x) ~ x Vl + vm^- 1 + ... (5.21) 
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cycle at cnfaity 



\ 



x-plane C( x ) 



\ \ t 



Figure 5.2. The cycle at x 
branch cuts of ^f hys (x) 



oo surrounding the 



The Eq. (5.6) is modified by the /Zj-shift: 

1 



2ni 



xd\og^i(x) 



(5.22) 



where Ai a is a loop on the physical sheet of C u which surrounds the cut 
Ii )SL . Note that the only singularities of ]$i(x) on the physical sheet are 



at x = oo and at the cuts. Therefore (see fig. |5.2): 



ttt / xd\og^i(x) = — / xd\og^n(x) = -Villi (5.23) 
^ 27n -U ia 2tti 



which is consistent with Eqs. (5.21), (5.22) thanks to (2.3), i.e. 



a=l 



Remark. The residues 



Uji = — / x J rflogVj(x) 



(5.24) 



(5.25) 



determine the "mirror map", the change of variables (Tj(x)) 



i£Vert~ 



we talked about earlier. 



5.4.3. The dual special coordinate s. N ow let us discuss the 
dual coordinates af a . First of all, the Eq. (5.9) does not quite make 



sense in view of (5.24). Suppose we relax (5.24) by absorbing /i; into 



the definition of dj ia . We can then analyze the limit shape problem 
in the usual fashion. We should keep in mind, however, that only the 
SU (vj) part of the gauge group is dynamical. The trace part of the 
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,D 



a=l 

is ambiguous. The traceless part, i.e. 

a=l 

for any weight vector (A a ), 

a 

should be well-defined. Let us now see how this works in detail. 



By differentiating (5.8) with respect to x we find 



2 / pi{x)K'{x — x)dx+ 

, M .ii , \ .Jm. 



e:t(e)=i ' 



e:s(e)=i ' 



+ V, /C'(a; - m i)f ) + x logqj = a- 
f=i 



where 



with 



(5.26) 



lC'(x) = X lo£ 



X 



A; 



C/y / "'A 



K,"(x)dx 



JC"(x) = lo£ 



A 



(5.27) 



and A^/y = exp(l)A [ /y. Using the definition (5.4) of ]$i(x) functions 
we find 



afa = Ac/y log q { 



dx logyf hys ( 



f d~x[-\0g^\x)+ J2 l0 g^( h e y ) S ^ + 
•'^f \ e:t{e)=i 



(5.28) 



+ log y^ s (x - m e ) + log ?i(x) 



e: s(e)=i 
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The integration contour in the above formula runs over a physical sheet 
from a marked point p* G C u which sits over the point Auv £ C(x) to 
a point x G ij )a which we view as sitting on C u . The choice of x is 
is irreleva ntrj as long as x G precisely due to the critical point 
equations (157 10b . The above expression for of a can be converted into 



much nicer form by noting that the integral on the second line in (5.28) 
is in fact 



log ( r ^f ys (x) 



dx 



(5.29) 



where is the z'th reflection (5.15). In other words, (5.29) is the inte- 
gral of the analytic continuation of the function ^(x) onto the mirror 
sheet of C u obtained from the physical sheet by the i W-reflection 
i.e. by continuing across any of the cuts Ij >a , a = 1, . . . , Vj, supporting 
the density pi{x). Thus the integral of the expression in the brackets 



on the last two lines in (5.28) is equal to the integral 



\og]j i(x)dx 



Thus we conclude 



a ? a = A uv log q* 



logV i(x)dx 



(5.30) 



(5-31) 



where the contour Bi a starts at the point which sits over x = Auv 
on the physical sheet, runs through the cut Ij >a to the mirror sheet 
rj(phys) and terminates at the point rj(p*), which sits over x = Auv 
on the mirror sheet. 

It is tempting to send Auv to infinity. However, there is a subtlety 
which we already discussed in the beginning of this section. The inte- 



gral (5.31) diverges for Auv oo. The linear divergence is canceled 
by the constant term A^/ylogqi due to 



log 



-log(^ 



Phys^ 



logq* 



x — > oo 



(5.32) 



However the subleading logarithmic divergence does not, in general, 
cancel. The simplest way to calculate it is to compute the logarithmic 



Physically the meaning of the integrand in the effective electrostatic problem is 
the force acting on elementary charge, and the integral is the chemical potential for 
the charge, or the energy required to move an elementary charge from the density 
support to infinity. The force vanishes on the support of the charge in the stationary 
charge distribution. 
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derivative huv da.f jdh.uy and then send huv — > oo: 
h m 



daf a 



dh 



uv 



f=l e:i(e)=i e:s(e)=i 



(5.33) 



Luckily the right hand side of (5.33) does not depend on a 



We can use the formal expression 

af a = I xdlog^i (5.34) 

J B iSL 

where the contour 

B ia : oOp hys -»■ -» r^oophys) (5.35) 

starts at the point x = oo p h ys on the physical sheet, then runs through 
the cut Ii a to the mirror sheet rj(phys) and finishes at the point 
Ti{ OOphys) ° n this mirror sheet. 

The canonical contour Bi a computing af a is an open contour, and, 
as we said above, the integral of xdlog^i is divergent. However the vari- 
ation of Coulomb parameters in SU(vi) concerns only the differences 



.D 



x d log y f 



(5.36) 



computed by the closed contour Bf a , = Hj a / — 5j a » running on physical 
sheet through the cut Jj a / to the mirror sheet rj(phys) and then through 
the cut ligii back to the physical sheet. The divergence (5.33) cancels 
in the integration over Bi a > — Bi a ii. 



In fact, the difference (5.36) is represented as the integral over the 
closed contour Bf a , without any divergent quantities, as follows im- 
mediately from the (5.26), by connecting two points x' G I^ a > and 
Ii^ a " on the physical sheet and replacing the integrand as in 



li- 



the second integral of (5.28) over the physical sheet by an integral 
of — log y (x') dx' over the return segment from x" G Ii >a » to x' G 



on the mirror sheet rj(phys), see Fig. 5.3 



In the weakly coupled regime we have the following BPS particles 
in the gauge theory: for each gauge group factor i the VT-bosons asso- 
ciated with the breaking S77(vj) — > U(l) Vi ~ l , which correspond to the 
roots of the S77(vi), and magnetic monopoles, which correspond to the 
fundamental weights. Accordingly, it seems natural to define the fol- 
lowing cycles on the cameral curve: the A- and £>-cycles, more precisely 
A x , B 1 , labelled by X 



(i, a), with i G Vert 7 , and a 



Ai 



Ai a — ^4j( a +l) 



Bia> ~^.J2 Bi - 



1: 



(5.37) 
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Figure 5.3. The cycles Bf" a , 
The cycles Ax, B x determine the special coordinates 



a 1 = <b xrflogVi, a% = <t xdlog& (5.38) 

J Ax ' Jb x 

In the weak coupling regime the pairing (5.38) between the cycles and 
the differentials is non-zero only for X = (i, a), for some a = 1, . . . , v, — 
1. The main property of these cycles is the vanishing of the following 
two-form on the space 9Jt of w-parameters: 

Q = J2da I Ada% (5.39) 
x 

which follows simply from the Eq. ( |5.9[ ). 



CHAPTER 6 



Solution of the limit shape equations 



In this section we solve the Eqs (5.10), (5.13), (5.14), and get an 
explicit formula for the curve C u . 



6.1. From invariants to the curve 

Our strategy is to define a set of basic invariants Xj(y(x)) of the 
! W group. We shall find the basic invariants which are power series in 
q^-'s, and which are normalized in such a way that, for the class I and 
II theories: 

y>|>0jeVert 7 

(6.1) 



u = (y 1 ,...,u r ), \u\= ^ 

jSEVerty 



where ty v (ty(x)) E C[^j(x),^j(x) x ] are quasi-homogeneous Laurent 
polynomials: 

J2 (vM^. = ( 6 - 2 ) 

jeVcrt 7 ^ J ' 

For the class II* theories there is one modification: 



Xi(y(z)) = w + f^-OK^)) 

v, \u\>0 



V = (l/ , . . . ,u r ), \v\ 



3=0 



(6.3) 



where 



r 

J 

3=0 
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and ViMx)) E C 



y j (x + ^ I m),y- 1 (x + ^ 



m 



The functions ty iu are quasi-homogeneous: 

iSVert 7 U] 



with — \u\< n < \v\. 



(6.4) 



6.1.1. Master equations. Now, the l W-invariance of Xj(^(x)) 
implies that they are continuous across all the cuts, that is they are 
single-valued analytic functions of x. Given their large x asymptotics, 
they are polynomials in x: 



where 



Tj{x) = T Jj0 (q)x Vj + T jA (q; m)x v ^ L + ...+ T j>v . 
The coefficients T J)0 (q) are determined by the gauge couplings 

T i>0 (q) = l + q"*^!, ••.,!) 

u, |i/|>0 



(6.5) 
(6.6) 



The coefficients I},i(q; w) are determined by the masses m e from (6.1 ),(6.3),(5.21 ). 
The rest of the coefficients 



(7j, a (q;m,w)) 



a=2,...,v^ 



(6.7) 



is determined by u 
lytic curve 



f Na=2,..., 



The Eqs. (6.5 6.6) define an ana- 



x (C x ) Vert ^ 



which can be compactified to the cameral curve C u which is the *W- 
cover of CW\ x) = C {x) U {oo}: 



r 



1 

(x) 



unramified (for generic q) over x = oo. The details of the compactifi- 
cation of C^) x (C x ) Vert 7 anc l c° c C u will be discussed elsewhere. In 
what follows we drop the superscript o in the definition of C u . 

6.1.2. The periods. The cameral curve C u depends on u, forming 
a family C of curves parametrized by the "u-plane" Wl. The family C 
depends on the microscopic couplings qj and on the mass parameters. 
Let us keep the masses fixed. When |qj|<C 1 for all i G Vert 7 we have 
a well-separated system of cycles Ax and B x , which we defined in the 
section 5.4 We transport this system of cycles throughout the moduli 
space of gauge couplings via Gaufi-Manin connection. 
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6.1.3. Vector- valued Seiberg-Witten differential. Let us in- 
troduce the following vector-valued 1-differential which is schematically 
given by: 

dS = x ( dl °g^"* V -rflogy,(x)A J v ) (6.8) 

i£Vert 7 

where a( and X( are the simple coroots and the fundamental coweights 
of £| q . We shall have more specific notations for each class. 

The differential dS takes values in the vector space C Vert7 which is 
acted upon by the *VV-group. The group *W also acts on the curve C u . 
It is clear from our construction that dS is *W-equivariant: 

w*dS = w-d§ (6.9) 

for any w G l W. 



6.1.4. Degeneration and filtration. In this section we consider 
the theories of class / and class 77, and the extended Coulomb moduli 
space S0T cxt (which includes the masses of bifundamental hypermulti- 



plets, recall eq. (4.7)). Consider conformal quiver with assigned di- 
mensions (7, v, w) at vertices and recall that they satisfy w = Cv, 
w « > 0, Vj > where C is the Cartan matrix of 7. We say that 
the theory (7,v,w) strictly contains the theory (7, v',w') if < v' < 
v, < w' < w and CV = w', and (7, v', w') 7^ (7, v, w). The extended 
Coulomb moduli space 9Jt ext of theory (7, v, w) contains a locus related 
to the Coulomb moduli 9Jt ext space of (7, v',w') as follows. Suppose 
that given a point my G C/ x \ the polynomials Tj(x), CPj(x), i G Vert 7 
factorize as follows 

y 1 A A /; , (6.10) 
?i(x) = ?[(x)(x - uif)^-^ 



Then it is clear that the character equations (6.5) factorize as well, and 
the functions solving the theory (7, v, w) are expressed in terms 

of ^[{x) functions solving the theory (7, v',w') as 

V i {x) = {x-m f )^-^%{x) (6.11) 



Suppose that the degeneration eq. (6.10) is minimal, i.e. there is no 



intermediate and different (7, v", w") such that v' < v" < v and w' < 
w" < w. Then we see that 9Jt ext includes the loci Wl ext x C/ T \ 

mt ext ' x C {x) C 0Jt ext (6.12) 
where C( z ) parameterizes the location of m/. 
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In the monopole picture of 8^ such degeneration corresponds to the 
complete screening of the point-like non-abelian monopoles by several 
Dirac monopoles. 

Recall that dimensions v for the theories of class II parametrized 
by a single integer iV such that Vj = Nai where a« are Dynkin marks. 
Therefore, the above inclusion is 

im^! x C (x . } (6.13) 

Geometrically, such inclusion for theories of class II is associated with 



freckled (point) instantons described in more details after eq. (6.30). 



6.2. The cameral curve as a modular object 

In this section we give the modular interpretation of the curve C u . 

6.2.1. The Class I theories. Let G = G q be the simple complex 
Lie group corresponding to the quiver of the class I theory. Let Z be 
its center, and let CG be the conformal extension of G. Let xf,ot(, 
% = 1, . . . , r be the fundamental coweights and the simple coroots in 
Cfj C Cfl. Let 

r 



i=l 



X 



-A) 



VAx)*; eCTcCG 



(6.14) 



In the notations of (C.56): 



9K X ) = gy(x),Mx),-,Mx) 

We also use 

9oo{x) = g3>(a>),l,...l 

The importance of g(x) is that it transforms by the reflection in the 



Weyl group W(q) when crossing the cuts Jj ja , cf. (C.58), 

g+(x) — > g-(x) = n g+{x) 

which implies that for the class I theories the iWeyl group ! W is the 
Weyl group W(q) of the corresponding simple Lie group G. In order to 
construct the *W-invariants one could take any CG-invariant function 



on CG. In fact, cf. (C.56) 



x^(x)) = 9oo (x)-^ X i (g(x)) 

Using the formulae ( |C.121[ ),( |CT22| we write: 



v={v\,...,v r ) i=l V k=l 



(6.15) 



(6.16) 
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where 

4 = X4A,-r lW "£Z+ (6.17) 



In fact, the sum in (6.16) is finite, i.e. only for a finite number of 
vectors z/'s the multiplicity c* is non-zero. 

We thus obtain the following geometric picture. The solution of the 
Class I theory is a C/ x \ -parametrized family [g(x)} of conjugacy classes 
in CG, which vary with x polynomially, in the appropriate sense, and 
such that the value of the D-homomorphism on [g{x)\ is fixed for the 
theory: 

(r \ z a 
i =1 / € =i 



Actually, as we explain in the appendix C. 1.8 the coweights A^ are not 



uniquely specified. The group element g{x) in (6.14) defines a well- 



defined conjugacy class [g(x)} E B eL< ^(Q q ) in G q /Z. Its lift to CG can 
be twisted by any C- valued (meromorphic) function of x. We shall use 
this freedom in our manipulations with spectral curves. 

The cameral curve C u can be viewed, geometrically, as the lift to 
CT of the parametrized rational curve in CT/W(g) « (C X ) Z{ > x C r : 

x ^ D{g{x)) x (Ti(x), . . . , T r (x)) (6.19) 

6.2.2. The class II theories. As we mentioned above, the quiv- 
ers of the class II theories correspond to the simply laced affine Kac- 
Moody algebras, i.e. $j q = q. Let G be the corresponding Kac-Moody 
group. Let A/, a( be the corresponding affine coweights and coroots, 
i = 0, 1, . . . , r (see Appendix |C.2[ ). Define: 



g(?) = J] 1, Mxf r e t c G (6.20) 

i=0 

Again, strictly speaking g(x) takes values m. G/Z and so we should 
consider the modification of G corresponding to the conformal exten- 
sion CG, but since the subtlety with the center Z C G only involves 
the x-independent factor 

?oo=n^ Ar ( 6 - 21 ) 

i=0 

it will not affect the x-dependence of the invariants. The limit shape 
equations, as in the class I case, translate to the jump conditions 

g + {x) — > g-(x) = n g+(x) 
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for x G J^a, with r« being the simple reflections generating the afline 
Weyl group W(fi), which is the ! W group for the class II theories. 

The invariants of W(q) are constructed using the characters Xi of 
the fundamental representations Ri of G: 



U%*)) = (giy 1 Ug{x)) (6.22) 



They can also be obtained by starting with ^i(x) and averaging with 
respect to the VT(g)-action. The Vr(fl)-action consists of the trans- 
lations by the coroot lattice Q v and the ^(^-transformations. The 
Q v -averaging produces the lattice theta-functions of various character- 
istics, of the schematic form (the details are given in the Appendix 



C.8): 



e(£,q)= q^^e*^ (6.23) 



where 



r 



i=0 



The afline analogue of the formula ( |6.16 ) is an infinite sum, however 



it is a power series in q. Using the fact that the weights A of the 
fundamental representation Ri differ from the highest weight A, by a 
positive linear combination of simple roots, A = Aj — u, 



3=0 



we can write, with 



i = n v 

j=0 

r 

q) = ViYM* II M*Y CliVi (6-25) 
D fc,i=o 

where we made the q = (qo, . . . , q r ) dependence explicit, and 

4 = Xr^-P, (6-26) 
Write v = nS + v, where n G Z + , and v G Q belongs to the root lattice 



of g. Notice that the factor c\ u in (6.25) depends on n only via the q 



factor. For fixed n the number of v G Q such that c l nS+l/ ^ is finite. 

The characters of G are well-studied |84j . Physically they are the 
torus £ = C x /q z conformal blocks of the WZW theories with the group 
G, and levels k = a { , i = 0, 1, . . . , r (see |HS] for recent developments). 
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The argument of the characters can be viewed as the background G 
(0, l)-gauge field A, which couples to the holomorphic current J 
9 



Z k (r:A) 



Dgexpk [ S W zw(g) + / (J, A 



A at level k 



Xx(t] q) 
(6.27) 

The background gauge field has only r moduli. In practice, one chooses 
the gauge A = ttt-£, where £ = const e f). 

Technically, it is more convenient to built the characters using the 
free fermion theory, at least for the A r , D r cases, and for the groups 
Eq, Er, Eg at level 1. We review this approach in the appendix. 

The master equations ( 6.5[ ) Xj(^(x);q) = Ti(x) describe a curve 
C u C C( x .) x (C x ) r+1 which is a VT(g)-cover of the x-parametrized 
rational curve S M in C r+1 = SpecCfxo, 

-Ai(AY) 



Xr),cl (6.22): 



X* 



ik 



Tax) 



0. 



(6.28) 



Now, as we recall in the appendix |C.5[ the characters x i; i = 0, . . . ,r 
are the sections of the line (orbi) bundle 0(1) over the coarse moduli 
space Bunc(£) of holomorphic principal semi-stable G-bundles over 



the elliptic curve £. Therefore (6. 28), (6. 5) define for each u a quasimap 
U of the compactified x-plane CP^ to Bunc(£), which is actually an 
honest map near x = oo, whose image approaches the fixed G-bundle 
Vq. This bundle can be described, e.g. by the transition function g^, 
which is one of the T lifts of 



9o 



H q7 A * e T/Z 



(6.29) 



By definition, the local holomorphic sections of are the G-valued 
functions *&(z), defined in some domain in C x such that 

The complex dimension of the space of quasimaps U with fixed U{oo) 
is the number of coefficients in the polynomials (Tj(x))j e vert 7 excluding 
the highest coefficients, that is (cf. Eq.( |4.7[ )), 



dime m 



ext. 



J2 Vi = Nh. 



i£Vert n 



We say that U is a quasimap, and not just a holomorphic map CP/, 



Bunc(£) for two reasons. Technically, a collection of Xi i n (6.28 ) defines 



(x) 



— >• 
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a point in WP" '" 1 '' "' ar only if the polynomials Ti(x) don't have common 
weighted factors. If, however, for some m/ G C( x ): 

Ti(x) =T i (x)(x-m / ) ai ,for alH = 0, ...,r (6.30) 

then the map CP^ — > Bunc(£) is not well-defined at x — ttl/. It is 
trivial to extend the map there by removing the (x— tri/) a ' factors. This 
operation lowers N — > N — 1. In a way, the point m./ carries a unit of 
the instanton charge. Such a configuration is called a freckled instanton 



|75j . Thus, the extended moduli space eq. (4.7) of vacua 9Jt cxt N of the 
gauge theory with C7 g = x i SU(Nai), contains the locus 9Jt ex V-i x Cw. 
Allowing for several freckles at the unordered points ttl/i, ttl/2, • • • , ttl/j 
we arrive at the hierarchy of embeddings of the moduli spaces of vacua 
of the gauge theories with different gauge groups G g : 

m cxt N = 9Jt ext jv U 9jf cxt AT-i x C {x) U mt ext 7v-2 x Sym 2 C {x) 

U . . . U aJt ext 7v-i x SyrrtC^) U . . . U Sym N C {x) 

(6.31) 

where 9JT ext Ar stands for the space of degree iV rational maps £/ : 
CP| x) ->• Bun G (£). 

This hierarchy of gauge theories is more familiar in the context of 
class I theories. Presently, the freckled instantons to Bunc(£) corre- 
spond to the loci in 9Jt where a Higgs branch of the gauge theory can 



(6.5) by writing 



open. Indeed, if (6.30) holds, then we can solve the master equation 



y j (x) = (x-m f ) a > fyix) (6.32) 
with ^j(x) solving the master equation ( 6.5[ ) of the 



X jeV ert 7 SU{(N-l)ai) 

gauge theory. In the IIB string theory picture |A.3 the full collection of 



fractional branes in the amount of aj for the i'th type recombine, and 
detach themselves from the fixed locus, moving away at the position 
m.f on the transverse 1R 2 = C/ x \. 

Now let us take u G %R cxt N. The corresponding map U defines a 
rational curve S u in Bunc(£) of degree N. 

Remark. Actually, there is another compactification of 9JT ext 7v, via 
genus zero Kontsevich stable maps of bi-degree (1,N) to CP 1 xBun G (£) 
(see [86] where the space of quasimaps is called the toric map spaces). 
It would be interesting to study its gauge theoretic meaning. 

REMARK. The highest order coefficients Tj (q) of the polynomials 
Ti(x) depend only on the gauge coupling constants, and determine the 
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limit U(x), x — > oo 

U(oo) = [Vo\ E Bun G (£) (6.33) 

The next-to-leading terms T it i(q,m) depend only on the gauge cou- 
plings and the bi-fundamental masses. These define the first jet Tp? ]£ u 
of the rational curve £„ at x = oo. 

Summarizing, the moduli space WIn of vacua of the class II theory 
with the gauge group 

G g = x ieV crt 7 SU(Nai) 

is the moduli space of degree N finely framed at infinity quasimaps 

U : CP| x) ->■ Bun G (£) « WP ao ' 01 '-' ar (6.34) 

where the fine framing is the condition that U is the honest map near 
x = oo, and the first jet (the value and the tangent vector) at x = oo 
are fixed: 

(U(oo),U'(oo)) <->■ (q,m) (6.35) 

We also have the identification of the extended moduli space 9JT ext with 
the space of framed quasimaps 

6.2.3. The class II* theories. The theories with the affine quiver 
of the A r type can be solved uniformly in both class II and class II* 
cases. This is related to the fact that the current algebra u{r + 1), the 
affine Kac-Moody algebra based on U(r + 1) is a subalagebra of gl^, 
consisting of the (r + l)-periodic infinite matrices. 

Let 7 be the affine Dynkin graph of the A r algebra. We have, 
Vert 7 = Edge 7 = {0,1,..., r}. Choose such an orientation of the 
graph 7 that for any e G Edge 7 : s(e) = e, t(e) = (e + 1) mod r + 1. 
Let m e , e = 0, ...,r be the corresponding bi-fundamental multiplet 
masses, and 



^^m e (6.36) 



m 

e=0 

We are in the class II* theory iff m ^ 0. 

It is convenient to extend the definition of m e to the universal cover 
of 7. Thus, we define 

mi = m imod(r+ i), 

Yi(x) = y imo d(r+i)(x - nt(i)) , ieZ 
The extended amplitudes Yi(x) obey 

Y i+r+1 (x)=Y l (x-m) (6.38) 
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Define 



where 



*,(*) = i, (6.39) 



mod (r+1) 

r 
3=0 



(6.40) 



Then 



t j+r +i(x) = qtj(x - m) 



where for the y4 r -series, 



q = n ^ 

3=0 

Now, consider the following element of GL^: 

g(x) = %(x) K xl[t i (x) E ^ (6.4i; 



with tiix) from (6.39), and Eij denoting the matrix with all entries zero 
except 1 at the z'th row and j'th column. A closer inspection shows 
(6.41) is the direct generalization of (6.20) with the r + 1-periodic 
matrix g^, and (Vi(a;))i e vert 7 replaced by the infinite array (Yi(x)) ie z- 
Indeed, the simple coroots of GL^ are the diagonal matrices, shifted 
in the central direction 

= K5 ifi + E ¥ - Ei+ W , i G Z (6.42) 



so that the analogue of (C.64) holds 

if we drop the telescopic sum J2iez ~ ~ 0. 

We do not need to deal with all the coweights of GL^, only with 
the r + 1-periodic ones, defined via: 

f[qf* = nn (q%) £i+6<r+i) ' i+i,(r+i) 

3=0 b&L 3=1 

These coweights are the coweights of the A r Kac-Moody algebra, em- 
bedded into qI^ as the subalgebra of r + 1-periodic matrices 



We shall describe the solution of this theory in detail in the next section. 
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6.3. Spectral curves 

The cameral curve captures all the information about the limit 
shape, the special coordinates, the vevs of the chiral operators, and the 
prepotential. Its definition is universal. 

However, the cameral curve is not very convenient to work with. 
In many cases one can extract the same information from a "smaller" 
curve, the so-called spectral curve. In fact, there are several notions of 
the spectral curve in the literature. 

Suppose A G Hom((C x ) Vcrt7 , C x ) is a dominant weight, i.e. A(a^) > 
for all i e Vert 7 . Let R\ be the irreducible highest weight module 
of G q with the highest weight A, and tt\ '■ G q — > End(i?A) the corre- 
sponding homomorphism. Then the spectral curve C^ x in C( x ) x C(t) 
is 

det Rx (1 - r^xy^xWx))) = (6.43) 

where 

(1) for the class I theories we introduce the factor 

C(x) = goo( x ) X x a rational function of x , 

having to do with the lift of the conjugacy class [g(x)] from 
G a< ^ to CG. The rational function is chosen so as to minimize 
the degree of the curve C^ x , as we explain in the examples 
below. 

(2) for the class II, II* theories the factor ((x) is a constant. 



Generally, the curve C^ x defined by (6.43) is not irreducible. The 



equation (6.43) factorizes into a product of components, one component 
for each Weyl orbit in the set of weights A# A for the module R\. Each 
Weyl orbit intersects dominant chamber at one point and therefore can 
be parametrized by dominant weights //. Therefore 

C*>= |J mult(A : fi) ■ {CS) (6.44) 
neA Rx nA+ 

where mult(A : fi) denotes multiplicity of weight \x in the module R\. 
If R\ is minuscule module, then, by definition, the curve C^ x is irre- 
ducible. 

Example. Consider the A% theory and take A = 3Ai, i.e. the spin 
| representation. If T\{x) = tr^ g{x) = t(x) + t(x)" 1 one finds that 

C R A! . o = 1 -Ti(x)t + t 2 

C R ^i : = (l-T 1 (a;)t + t 2 )(l + 3T 1 (a;)t-T 1 (a;) 3 t + t 2 ) [U ' l>) 
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Let C l W be the stabilizer of /i in l W, a subgroup of l W. 

Consider the map: 

p, : C {x) x (C x ) Vcrt ^ — ► C (a .) x C (t> 

given by: 
P M : (ar, (yi)ieVert 7 ) H> (a:,<(a:)), 

t(x)=^(x)7( 7oo (x)^= J] yf KV) ( 6 - 46 ) 

i£ Vert 7 

Under the map the curve C u maps to C^ 1 = C u / l W^ C C/ s \ x C/ t \, 
the irreducible yU-component of the spectral curve. This curve comes 
with the canonical differential, which is the restriction of the differential 

on C {x) x C (t) x : 

dt 

dS = x— (6.47) 
Actually, in the case of the class II, II* theories the commonly used 



notion of the spectral curve differs from the one in (6.43). 

Although we suspect the study of spectral curves associated with 
the integrable highest weight representations of affine Kac-Moody al- 
gebras may be quite interesting, in this paper for the analysis of the 
class II and II* theories we use the conventional notion of the spectral 
curve used for the study of families of G-bundles. 

To define it, let us fix an irreducible representation R of G, : 
G — > End(-R), and let us study the theory of a complex chiral fermion 
valued in R, more precisely, an (1,0) be system in the representations 
(R*,R): 

dimR „ 

1=1 J 

coupled to a background GxC x gauge field A © A, and compute its 
partition function on the torus £: 

Z(t, t, q) = Tr Wfl ((-t) W°) (6.49) 

Mathematically, we consider the space 

H R = R[z, z' 1 ] = H+®H R (6.50) 



of R- valued functions on the circle S 1 . In (6.50) we took Laurent poly- 
nomials in z G C x , which correspond to Fourier polynomials on the 
circle. We may take some completion of Hr but we shall not do this 
in the definition of the spectral determinant below. Consider an ele- 
ment g e G of the affine Kac-Moody group, i.e. the central extension 
of LG = LG x C x , the loop group LG extended by the C x acting 
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by loop rotations. We have the canonical homomorphism-projection 
/ : G — > LG with the fiber C x , the center of the central extension: 

f:g^g(z)q zd * (6.51) 

The projection is topologically non-trivial. 

Now, LG acts in Hr via rotation and evaluation, and so does G 
thanks to ( |6.51[ ) : for \& G Hr. 

(f(g) • *) (z) = n R (g(z)) ■ *(qz) (6.52) 

We would like to define the spectral determinant of f(g) in the repre- 
sentation Hr. The eigenvalues of f(g) are easy to compute 

Eigen(/(£)) = { t V ^A ft nGZ} (6.53) 

where we transformed g(z) to a constant t G T by means of a in- 
dependent G-gauge transformation: 

g(z) i — ^ h- 1 (z)g(z)h(qz) = t (6.54) 

The fib ration / : G — )■ LG, restricted onto C* x T C LG becomes 
trivial, (C* x T) «C c x xC^xT. Let us denote by c the coordinate 
on the first factor. 

The eigenvalues (16.53) concentrate both near and oo, so we define: 



det HR (1 - r l g) : = det H+ (l - r^)det H -(l - tg- 1 ) = 

R R 

° kr n n i 1 - ^ nrh ") i 1 - f +Ht ^) (6,55) 



The expression (6.55) is iy($j)-invariant. The shifts by Q act as follows, 
cf. flCTTOil ): 

(t, c) ^ (/ • t, tV <A ^ • c) (6.56) 



where we view (3 G Q both as a vector in the root lattice and as a 
vector in the coroot lattice, and (, ) is the Killing metric. The level Kr 
in (6.55) is defined as follows: 

'£ t n{ f ji,P) = K R p (6.57) 

for any vector (5 G Q. Geometrically the spectral curve corresponding 
to R is obtained as follows: consider the universal principal G-bundle 
U over Bunc(£) x £, and associate the vector bundle "Jl with the fiber 
R: 

R = Ux G R 

Now restrict it onto the rational curve S u C Bunc(£)- We get the 
i?-bundle over £„ x £. 
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For generic point x G CP/ a \ over the corresponding point U(x) G E u 
we get the vector bundle Ji x over £, which is semi-stable, and splits as 
a direct sum of line bundles 

= L ^ ( 6 - 58 ) 

where the summands are the degree zero line bundles on £. Under the 
identification Picq(8,) with £ the line bundle corresponds to the 
point t(a;) M modq z for some t(x) G T/q^ . The closure of the union 

[J { t{xY | fi G A R } C CP^ x £ (6.59) 

is the spectral curve C CPL\ x £. It is given by the vanishing locus 
of the regularized determinant ( |6.55 ): 



c(x) KR fi 9{r l t{xY;q) = (6.60) 

the choice of the x-dependence of c(x) seems immaterial at this point, 
as long as c{x) G C x . 

Degree of the spectral curve. The x-degree of the spectral curve 
for class II theories in representation R is Nk r where k,r is given by 



(6.57). The Kr is the proportionality constant for the second Casimir 
in representation R tr^(-, •) = K R (-, where the (•, is the canonical 
Killing form in which the long roots have length square equal to 2. The 
standard computations leads to 

k r = ^(A«,A R + 2p) 2 (6.61) 
dim 

where p = | ^2 a>0 ot is the Weyl vector. For fundamental representa- 
tions R\ we find for all cases 

K Rl (A r ) = 1 

K Rl (D r ) = 2 

k Ri (E 6 ) = 6 (6.62) 
k Ri (E 7 ) = 12 
K Rl (E 8 ) = 60 
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6.4. Obscured curve 

In the previous construction, in view of the identification 
t(x)^ we can decompose, for each weight 



i=i 

1=1 

for some "basic" line bundles corresponding to the fundamental 
weights. These basic line bundles are ordered, so they define a point 

{h ltX ,...,L r>x } e Pico(£) r « £ r , 

the Cartesian product of r copies of the elliptic curve. Taking the whole 
family and including the parametrization we obtain the obscured curve 

e u = { (x; L 1>x , L rjX ) | x G CW\ x) } G CW\ x) x £ r (6.63) 

Let us present another simple construction of Q u . Namely, let us use 
the fact EMU, that 



Bun G (£) = (£ ® Q)/W(q) (6.64) 
where the tensor product is understood in the category of abelian 



groups. At the level of manifolds, (6.64) simply says that 



Bun G (£) = E r /W(g) (6.65) 

for some natural action of the Weyl group W(g) on the Cartesian prod- 
uct of r copies of £. Let us denote by 7Tjy the projection 

t^w '■ £ r — y Bun G (£) = E t /W(q) (6.66) 

The rational curve E M in Bun G (£) lifts to a curve in £ r , and the graph 
of the parametrized curve S M G CPj^ x Bun G (£) lifts to the graph in 
CP/jA x £ r which is our friend obscured curve G u . It is the quotient of 
the cameral curve by the lattice Q v : 

e u = c u /q v (6.67) 



In the section 8.2 we shall present yet another construction of L^'s, 
using gauge theory. 

There is the so-called determinant line bundle L over the moduli 
space Bun G (£), whose sections are the fundamental characters Xii i = 
0, 1, . . . , r. In the E. Loojienga's identification Bun G (£) w WP ao ' ai '-' ar 
this line bundle is just the 0(1) orbibundle over the weighted projective 
space. 
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We have then the line bundle L over £ r : 

L = TY^L (6.6 
us call this line bundle the abelianized determinant line bundle. 



CHAPTER 7 



The Seiberg-Witten curves in some detail 



In this section we shall discuss the geometry of curves describing 
the limit shape configurations and the special geometry of the gauge 
theories under consideration. When possible we identify the cameral 
or the spectral curves with the analogous curves of some algebraic in- 
tegrable systems, namely the Hitchin systems on the genus zero (i.e. 
Gaudin model) or genus one (i.e. spin elliptic Calogero-Moser system) 
curves with punctures. These identifications are less universal then 
the identification with the spectral curves of the spin chains based on 
the Yangian algebra built on g, g, or GL^, respectively. The latter 
identification is a subject of a separate venue of research which touches 
upon various advances in geometric representation theory, study of the 
symplectic geometry of moduli spaces of instantons and monopoles, 
quantum cohomology of quiver varieties, to name just a few. We shall 
only mention the relation to spin chains in a few examples, in this work. 

Throughout this section we shall use the notation 

g x (x) = ({x^irMx)) (7.1) 

for the projectively modified operator in the representation (R\, tt\) of 
G q , corresponding to the group element g(x) G G q . 



7.1. Class I theories of A type 

This is the so-called linear quiver theory. The set of vertices Vert 7 = 
{1, . . . , r}, the set of edges Edge 7 = {1, . . . , r — 1}, the maps s, t for 
a particular orientation are given by: s(e) = e, t(e) = e + 1. The 
bi-fundamental masses are a trivial cocycle: 

m e = /i e+ i - /i e (7.2) 

The corresponding conformal group CG = GL(r+l, C), the fundamen- 
tal characters \i are the characters of the representations A*C r+1 . We 
shall now describe the spectral curve in the representation R\ 1 C r+1 . 
The corresponding group element gx 1 {x) in (6.14) is the diagonal ma- 
trix 

g Xl {x) = diag(*i(x), . . .,t r+1 (x)) 
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with 



ti(x) = C(X)MX), tr+l(x) = ((X)?W(X) y r {xY l 
U(X) = ((x)9^(x) WSi-i{x)-\ 2 = 2,. 



(7.3) 



with some normalization factor £(x) which we choose shortly, and 
the explicit formula for the invariants X^{x)) is (we omit the in- 
dependence in the right hand side): 



i-l 



(7-4) 

e, (Vi^vr 1 ? 111 , • • • , • • • , x l y [r] ) 

where are the elementary symmetric polynomials in r + 1 variables. 
Our master equations (6.5) equate the right hand side of (7.4) with the 
degree polynomial Ti{x) in x, cf. (6.6). 



It is convenient to organize the invariants (7.4) into a generating 
polynomial, which is nothing but the characteristic polynomial of the 
group element g{x) in some representation of CG. The most economi- 
cal is, of course, the defining fundamental representation C r+1 with the 
highest weight Ai: 

det (t ■ l r+1 - gx^x)) = 

r i—1 



i.r+1 



i=l 



J=l 



(7.5) 



+ (-c(x)r +i n^ r+1 ' 



The group l W is the symmetric group <S r +i, which acts by per- 
muting the eigenvalues of g(x) in (7.3). The cameral curve C u is the 
(r + l)!-fold ramified cover of the compactified x-plane C¥/ X y The 
points in the fiber are the ordered sets of roots (t\(x), . . . ,t r+ i(x)) of 
the polynomial (7.5). 

The curve C u covers the spectral curve C u . The latter is defined 
as the zero locus of the characteristic polynomial (7.5). The cover 
C u — > C u is r! : 1, it sends the ordered r + 1-tuple of roots (t\, . . . , t r+ \) 
to the first root t\. The cover C u — > C/ x \ is (r + 1) : 1. 

Explicitly, the curve C u is given by: 



r+l 



i-l 







P(t, x) = J2(-l) l t r+1 -X(xY n 7 s {xfi T t (x) (7.6) 

i=0 i=l 
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FIGURE 7.1. Degree profile example for A4 theory and 
( v ij v 2, V3, V4) = (4, 7, 8, 5). For convenience one can set 
boundary conditions Vo = v r+ i = Wo = w r+ i = 0. 

7.1.1. Relation to Gaudin model. It is easy to see, using the 

(7.7) 



Eqs. (3.8), (3.9) and Fig. 7.1 that w it = w + + u>_, where 

w + = v u - v i#+ i > 
w- = Vi, - Vj,_i > 

and it useful to record 

Vi = Wi + • • • + Wj„_i + w 

v r = w r H + Wj, +1 + w + 

i=i 

r 

v* = (r + 1 - i)w{ + (r + 1 - i*)w + 

i=i*+l 

Accordingly, we can factorize the polynomial 7 > i t (x) as: 

? it {x) = q it ? + (x)?-(x) 
where CP are monic polynomials of degrees 

deg^ = w± 



(7.1 



(7.9) 
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We can actually transform (7.6) into something nice, by adjusting ((x): 

£( x )-i = <?- (xp [u - 1] (x) (7.10) 
Then D(g(x)) is given by: 

Po(x) 



D{g{x)) 



P (x) = ? + (x) r+1 ~ i * Yl :P ; (.r)"' ' 

j=i*+l 
i* — 1 

Poo(x) = 9-(x^ n ^ j 

3=1 



(7.11) 



Then V(t, x) can be written as: 

where P(t, x) is a degree iV = Vj„ polynomial in x, and the degree r + 1 
polynomial in t, which is straightforward to calculate: 



(-iy*l[q>P(t,x) = 

3=1 

(-q i J*t r+1 P 00 (x) + 

+ ^2t r+1 - i T i (x)qt i (-K(x)r- i ri' j ':: (7-12) 

i=l j=i 

r i—l 

+ f +1 - i T l (x)(-9t(x)y-^ n yr\ x ) 

i=i*+l j=i*+l 

+ (-ly+^PoM 

Now, recall that Tj is fixed by the couplings q: 

i-l 

T i,o(q) = II q j ri e *( 1 > fli' • ■ ■ > qi^2 • • • q*, • • • qi • • • q r ) (7-13) 

3=1 

and the coefficient Tj t i is fixed by the masses m^* and m e . 
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Therefore, the coefficient of x N in P(t,x) can be computed explic- 
itly: 

r+l i* 

JJ qj* ei(l, qi, q x q 2 , . . . , q x q 2 . . . q is . . . , q x . . . q r ) = 

i=Q j=l 

= n c - *•) 

i=0 

(7.14) 

where 

** = Sr^, i = 0,...,r (7.15) 

n i= i 1i 

We thus rewrite the curve C M in the (x, t)-space, defined by the equation 
= TZ Ar (t,x) = P[t , X) _ = J] (x - ar,(*)) = 

(7.16) 

where 

iV = v u (7.17) 
It is clear from the Eq. (7.16) that as t — > ij one of the roots Xi(t) has a 
pole, while the other iV — 1 roots are finite. Near t = the polynomial 
P(t,x) approaches: 

P(0,x) = (-l) r+l -^P (x) (7.18) 

while near t = oo 

P(t,x)r r - 1 -> (-qJ^P^x) (7.19) 

Let 

df 

dS = x— (7.20) 

Then our discussion above implies that the differential dS has the 
first order poles on C u : at one of the N preimages of the points ti, 
i = 0,1, ... ,r, and at all preimages of the points t = and t = oo. 
The residues of dS are linear combinations of the masses of the hyper- 
multiplets, in agreement with the observations in [2J,[7J. 

Remarkably, we can identify C u with the spectral curve of the mero- 
morphic Higgs field $: 

9 = *{t)dt= £ (7.21) 
j=-i '■> 
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where t_i = 0, i r+ \ = oo, and are N x N matrices, which have rank 
one for j = 0, 1, . . . , r, and have the maximal rank for j = —1, r + l. 
Moreover, the eigenvalues of are all fixed in terms of the masses. 
The spectra of j = — 1, . . . , r + 1 have specified multiplicity: 

(1) the matrix $_i has w + eigenvalues of multiplicity r + 1 — i*, 
and w r+ i-j eigenvalues of multiplicity j, for j = 1, . . . , r — i*; 
the eigenvalues are fixed by the masses 

(2) the matrices $j, j = 0,1, ... ,r has one non-vanishing eigen- 
value each, and N — 1 vanishing eigenvalues; We can write 

{<b 3 ) b a = v> a v b 3 , a,b = l,...,N 

for some vectors v? , Vj G C , obeying 

N 

J2<v] = M, (7.22) 

0=1 

and considered up to an obvious C x -action, for some Mj which 
is linear in the bi-fundamental and fundamental masses. 

(3) the matrix $ r +i has W- eigenvalues of multiplicity z*, and Wj 
eigenvalues of multiplicity j, for j — 1, . . . , i* — 1. 

Then: 

(j^j TZ Ar (t, x) = det(^Xj-<^ (7.23) 

We can make an SL(N) Higgs field out of $ by shifting it by the scalar 
meromorphic one-form j^Ti^^, which is independent of the moduli u 
of the curve C u . 

The moduli space of r + 3-ples of matrices $j, obeying 

r+l 

with fixed eigenvalues of the above mentioned multiplicity, considered 
up to the simultaneous SL (iV)-similarity transformation, is the phase 
space *P^ r+3 of the genus zero version of SL(N) Hitchin system, the 
classical Gaudin model on r + 3 sites. The general Gaudin model has 
the residues <3>j belonging to arbitrary conjugacy classes. 

See [92l 193] for the geometry of complex coadjoint orbits. The 
Hitchin system with singularities was studied in [8j [Ml IMH97] . In 
[TTl 1981 - 1101) this Hitchin system with singularities was discussed from 
the point of view of brane constructions such as [10, llj. 
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REMARK. The curve C u is much more economical then C u . How- 
ever, the price we pay is the complexity of the relation between the 
special coordinates Oj a , and the moduli u of the curve C u . Roughly 
speaking all special coordinates are linear combinations of the periods 
of the differential 

dt 
x — 
t 

and the masses. The coordinates a\ a come from the periods 

<j> x cflog<7i(x) ~ <j> xdt/t 
the coordinates 02a come from the periods 

x dlog(gi(x)g2(x)) ~ j) xdt/t + j) xdt/t 
the coordinates dj a come from the periods 

/«dlogto 1 (x)... w (,))~/»*A + - + /»«/« 

etc. 

REMARK. In the Ai case our solution matches the one found in 

m 

REMARK. We can connect the earner al curve C u to the spectral 
curve C u via a tower of ramified covers: 

C u C« Cf" 1 ) ->...-> C7« = a CPJ^ (7.25) 

(i) 

which we can call the Gelfand-Zeitlin tower of curves. The curve C u 
is the quotient of C u by the subgroup W(A r _i) of the Weyl group 
W(A r ), which acts on the amplitudes (^+1,. . . , V r ) while preserving 
(\U !■);). 

Remark. We should warn the reader that our cameral curves need 
not be the cameral curves of Hitchin systems We mapped the 

spectral curve of the family of conjugacy classes \g{x)] corresponding to 
the fundamental representation Ri to the spectral curve of the GL(N)- 
Gaudin system, i.e. the genus zero Hitchin system, corresponding to 
the ^-dimensional representation. One could then build the cameral 
curve for the GL(iV)-Gaudin system. This curve has all the reasons to 
differ from our cameral curve C u . 

However, the identification of 9Jt with the moduli spaces of curves 
describing the spectrum of the transfer matrix in the quasi classical 
limit of the Y(A r ) spin chain is more natural, and carries over to the 
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level of cameral curves. This statement will be elaborated upon below 
and in |19|. 



REMARK. In view of [TT] it is natural to identify the space of cou- 
plings q = (qi,...,q r ) with a coordinate patch in the moduli space 
■Mo,r+3 °f stable genus zero curves with r + 3 punctures. In this fash- 
ion the linear quiver theories (the class I type A r theories) can be 
analytically continued to other weakly coupled regions (weak coupling 
corresponds to the maximal degeneration of the stable curve). Most of 
these regions do not have a satisfactory Lagrangian description. Nev- 
ertheless, it would be interesting to try to generalize the limit shape 
equations even without knowing their microscopic origin. What would 
the iWeyl group look like in this case? 

7.1.2. Quiver description. We have thus found that a particu- 
lar subset of Gaudin-Hitchin models, with all but two residues of the 
minimal type, are the Seiberg-Witten integrable systems of the class 
I A r type theories. As a check, let us compute the dimension of the 
moduli space ^P^ r+3 of solutions to the (traceless part of the) moment 



map equation (7.24) divided by the SL(N, C)-action is equal to: 
2(r + 1)(JV- 1) - 2(N 2 - 1)+ 



+ [N 2 - ( r + 1 " jT w j ~(r + l 




(7.26) 



r 

= 2^( Vi - 1) = 2dim9tt 

i=i 

Actually, the moduli space ^3jf r+3 can be described as a quiver 
variety. Its graph is an r + 3-pointed star, with r + 1 legs of length 
1, and two long legs, of the lengths /_ x = v r — 1 and Z r+1 = Vi — 1, 
respectively. The dimensions of the vector spaces assigned to vertices 
are: the r + 3-valent vertex (the star) has dimension N, the tails of the 
short legs all have dimension 1, the dimensions along the long legs start 
at 1 at the tails, then grow with the step 1 for the first wi (respectively, 
wy) vertices, then grow with the step 2 for the next W2 (respectively, 



wy_i) and so on. (See example in figure 7.2). 

The extended phase space <p cxt for the class I A r type theories 
is easy to describe. One just need to relax the C x moment map con- 



straints (7.22) as well as the analogous C x constraints for the ^V+i 



7.1. CLASS I THEORIES OF A TYPE 



08 




FIGURE 7.2. The example quiver variety for A4 quiver 
at v = (7, 10, 8, 5) and w = (4, 5, 1, 2) with — 2 and 
w* = w_ + w + with w_ = 3 and w + = 2. The labels at 
vertices denote the dimensions in the pattern as ex- 
plained 

residues. In the quiver description we make the quiver gauge group the 
product of the special unitary groups as opposed to the product of 
unitary groups. 

7.1.3. Reduction to the spin chain. The simplest example of 
the Class I theory of the A type is, of course, the A\ theory. This is 
the celebrated Nf = 2N C theory, with wi = Nf, vi = N c = N, in our 
notation. Let q = qi and let T(x) = T^~ Ti{x) denote the monic degree 
N polynomial. 



The reduced curve (7.12) assumes a very simple form: 



q?-(x)t + P+Or)*- 1 = (1 + q)T(x) (7.27) 

It is not difficult to recognize in this formula the quasiclassical limit of 
Baxter's T — Q equation |102] for the XXX sfa spin chain. In fact, it 
was observed already in |103[ 1104] that the Seiberg-Witten curve of the 
M = 2 supersymmetric QCD can be interpreted using the integrable 
spin chain, albeit in a somewhat different fashion. Note that a possible 
lift of [g(x)] to CG = GL(2, C) in this case is given by the diagonal 
matrix: 



where t solves (7.27). However this choice of g(x) is not continuous 
in x. As we cross the cuts Ji a the matrix g(x) will have its diagonal 
entries exchanged. We can conjugate g(x) — > h~ 1 (x)g(x)h(x) into a 
form, e.g. 

S(z) = ^ (T2(x) * y+\ x p-( x ^ T(x) ) ( 7 - 29 ) 

whose entries are polynomials. This is a particular case of a general 
statement [H], lifting a family of conjugacy classes in G q to G q itself 
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(slightly adapted for the conformal extension CG). The lift (7.29) does 
not depend on the split r P{x) into the product of IP factors. 

There is yet another lift of [g(x)] to CG, which does depend on 
the factorization, and makes closer contact with spin chains. We shall 
discuss it in the section devoted to the study of the phase spaces of the 
integrable systems corresponding to our gauge theories. 

7.1.4. Duality. In the mapping to the Gaudin-Hitchin system we 
employed a particular lift g(x) of the conjugacy class [g{x)} in SL(r + 
1, Z)/Z r+ i to the conjugacy class in GL(r+l, C) by a judicious choice of 
the normalization factor ((x). More importantly, the spectral one-form 
describing the eigenvalues of the Higgs field, is equal to xdt/t where x is 
the argument of the amplitude function, and t is the spectral variable 
describing the eigenvalues of g(x). For the group GL(r + 1,C) the 
eigenvalues of g(x) in some representation take values in C/ t \ = C x 
which gets naturally compactified to CP 1 to allow the degenerations. 

To summarize, the Lax operator of Gaudin-Hitchin system, the 
Higgs field §(t)dt/dt lives on the curve Cm of the eigenvalues of the 
"Lax operator" g(x) of the gauge theory. Vice versa, the "Lax operator" 
g(x) of the gauge theory lives on the curve C( x ) of the eigenvalues of 
the Higgs field of Hitchin system. 

We shall encounter some versions of this "eigenvalue - spectral pa- 
rameter" duality in other sections of this work. 

7.2. Class I theories of D type 

These are the SU(vi) x . . . x SU(v r ) theories whose quiver contains 
a trivalent vertex which connects two one-vertex legs to a leg of the 
length r — 3. The corresponding group G q is Spin(2r, C), its conformal 
version CG is the extension of G by C x or C x x C x , depending on the 
parity of r. 

Passing from the A type theories to the D type theories we en- 
counter new phenomenon. In addition to the exterior powers /\ % V of 
the vector representation V = C 2r of Spin(2r) the fundamental rep- 
resentations of the group G q come also from spin representations S±. 
We should use the cameral curve C u to get the special coordinates and 
the prepotential, however a lot of information is contained in the spec- 
tral curve in some fundamental representation R, which we shall 
take to be the vector 2r dimensional representation V = R\ ± = C 2r . 
In order to describe the spectral curve we need to know the charac- 



ters of the group element g(x) (6.14) in the representations A*K, for 



i = 1, . . . , 2r. When we deal with V and its exterior powers only, we 
do not see the full conformal version of G, only its one-dimensional 
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extension (which we shall denote simply by CG) which consists of the 
matrices g G GL(2r, C), such that gg l = D(g) ■ l 2r , with D(g) G C x a 
scalar. 

The spectral curve C u = C„ in the vector representation can be 



modified by the transformation similar to (7.10) to get the curve of 
minimal degree in x. Let us label the vertices of the D r Dynkin diagram 
in such a way, that the trivalent vertex is r — 2, the tails are r — 1, r, 
and the end vertex of the "long leg" has the label 1, see Appendix [A} 
Then the product of the matter polynomials JV-i and 7 r has degree 

deg(3V_i y r ) = 2(v r _! + v r - v r „ 2 ) 

Now we shall factorize JV-iJV into a product of two factors of equal 
degrees 

T r _iT r = deg? + = deg?- = v r _ x + v r - v r _ 2 (7.30) 

There are many possible factorizations. For example, if w r _! < w r , 
then we can take: y r {x) = CP + (a;)S'(a;), CP _ (x) = S(x)1 > r -i(x) for any 
degree v r + v r _i — v r _2 < w r = 2v r — v r _2 subfactor CP + (x) in 7 r {x). 
We shall normalize CP ± (x) so that the highest coefficient in both poly- 
nomials equals 



That there exist different decompositions (7.30) is a generalization of 
S'-duality of the 5-class M = 2 theories of the A r type studied in 

The spectral curve C u corresponding to the 2r-dimensional vector 
representation of CSpin(2r, C) is mapped to the curve P£ r (t, x) = in 
the (t, x)-space, where 

P£ r (t,x) =t- r P 00 (x)det Rl (t-l 2r -g(x)) (7.31) 

with some polynomial Poo{x) to be determined below. The group ele- 
ment g(x) in the vector representation C 2r of CG q is given by 

g{x) = E- 1 dmg{g 1 {x),...,g 2r {x))E (7.32) 

with E being any matrix such that 

(EE )ij = 5i 7 2r+l-j 
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2r 



represents the symmetric bilinear form on C and 

g x (x) = C(jc)yi(ar) 
i-i] 



,-2 r-2 



^._ 1 (x)=C(a;)y [r - 2l (x 



y T ._i(x)^ r (x) 

X(x) 



g r (x) = ((x)yM(x)9 r ^(x) , 
<? r+1 (x) = C(^)5 ,[r - 2] (^)^(x)V r -i(x)/y r ( a ;) 

£ r+2 (x) = a^ [ '\^r-2{x)/^ r ^{x)X{x)) 



g 2r +i-i(x) = C(x)- 



^-%x) y t (x) 



i = 2 r-2 



^ = C ( x )TM( x) y[-2] (x ) 1 
The factor C{x) which likely gives the minimal degree curve is 

= y+(x)y [r - 2] (x) 

Thus, the scalar D(g(x)) is equal to: 



D{g{x)) 



and the prefactor in (7.31) is: 



7+(x) 



r-2 



Poo(x) = ? + (x) r l[7, 



X 



After some manipulations we find 

{-l) r P£ r {t,x) = T^OVx + T^Tr - r]T r ^T r + 

[§] / r-2 \ 



Vj=r+1-2Z 



r-2 



5> 



i n n 

/ I \j=r-2l 



-r+2/+l 
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This equation has degree N = 2(v r + v r _i) — v r _ 2 in the x variable. 
Note 

v r _ 2 < N < 2v r _ 2 (7.38) 
As in the A r case, the curve C u has branches going off to infinity in the 



a;-direction, over 2r points t i ,t i 
correspond to the weights of Ri 



h 



r in the t-line 



[i-i] 



U 



which 



(7.39) 



In addition, there are special points t — 0, oo. Over these points the 
curve C u has N branches, where x approaches one of the roots of the 
polynomial Po(x) 

r-2 



p (x) = '?-(xri[7 J ( 



(7.40) 



and Poo(x), cf. (7.36), respectively. 

The curve C u is invariant under the involution 

3>Jx) 



t ^ 



7Jx 



-t 



-i 



(7.4i; 



The fixed points of (7.41 ) are the points of intersection of the curve C u 
and the curve 

1P+ (x)t - 7- (x)r 1 = 



The equations lZc> r (t,x) = (7.37) and (7.42) imply 

T r 2 (x)T r _i(x) +T r 2 _ 1 (x)T r (x) = 



T r _x(x)T r (x)(y + (x)t + ^-(x)r 1 ) 



and 



(7.42) 
(7.43) 

xyi-v'jr {x)i ' ) 

T 2 (x)T r _i(x) = T?_ x {x)? r {x) (7.44) 

Again, the curve C u is more economical then the full cameral curve 
C u . Again, the special coordinates a^a and the duals of a are the linear 
combinations of the periods of the differential xdt/t and the masses. 

Let us map the curve C u to the curve S u in the space S which is a 
Z 2 -quotient of the (blowup of the) C/ x \ x CP* space, parametrized by 
(x, s) where 

?~(x) 

The curve S u is described by the equations s + s _1 = 2c and: 

P% (x, c) = A{x, cf - 2T r (x)y r _i(x)(c + l)B(ar, cf = (7.45) 
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where A,B are the polynomials in x and c of bi-degrees (JV, [|]) and 
(v r _i + v r , f 1 ^]), respectively: 

A(x, c) = T r 2 T r _! + T r 2 _ i y r + 

1=1 j=r+l-2l 



7-r+2Z+l 



B(x,c)=T r _ 1 T r + 2^ DKc)^^^-!^ II y f 

/=1 j=r-2l 

(7.46) 

where the degree Z polynomials C;(c), Dj(c) are defined as follows: 



C,(c) = -(s' + s-')-l, s + s- l =2c 
D ' (C) = 2^ + 1) = C ^ 



(7.47) 



Over the points c = 1 and c = — 1 the equation for E n becomes re- 
ducible: at c = 1: 

P% r (x, 1) = (T r _!T r 2 - 0> r lti) a (7.48) 

and at c = —1: 

Pg>,-1) = A(x,-1) 2 (7.49) 

It is easy to see that the curve S u has double points at (x, s) where 
either s — 1 and x being any of the N roots of (7.48) or s = — 1 and 
x is any of the N roots of (7.49). The locations of these roots are not 
fixed by the masses of the matter fields. 

Let us normalize the equation of S u by dividing P§ by the coeffi- 
cient at x 2N : 



n Dr (x,c) = ^ r - (7.50) 



times a constant such that TZo r {x, c) is monic in x and a rational func- 
tion of c. 

We thus arrive at the following interpretation of the curve S u . It is 
the spectral curve 

U Dr U ^1) (y ) ^ = DeW (*y - 3(a)) (7.51) 



7.2. CLASS I THEORIES OF D TYPE 74 
of the genus zero Higgs field 

where J C CP* is the set of 2r + 2 singularities: 

J = {0,oo}U{t7, tf\i = l,...,r} 

Let a : CP* — > CP 1 , be the involution er(s) = The Higgs field must 
obey: 

a*$ = Q&Q- 1 (7.53) 

where f2 is a constant anti-symmetric matrix (cf. [B]), which defines 
the symplectic structure on V = C 2N . If we expand: 



i=i 1 «=i * 



r 



(7.54) 



$00 = - ]T($+ + $7) 



i=i 



Then (7.53) implies: 

$ 00 = fi$*fi~ 1 , $+ = tt(<S>ryn-\ i = l,...,r (7.55) 

Also, the matrices $7, 2 = 1, . . . , r, must have rank one, while the 
matrices $o,oo.±i have rank 2N. We can interpret 

as the moment map for the Sp(2N) group action on the product of 
some orbits 

Oo x 0_! x Q 1 x[ =1 O i 
which generates the action $ 3 1— >■ g~ x ^^g of g G Sp(2N), such that: 

= . (7.57) 

It would be nice to develop further the theory of these orbifold Hitchin- 
Gaudin systems. We shall encounter a genus one version of such theory 
in the Class II D r section below. 

The differential whose periods determine the special coordinates is 
equal to 

r/s 

dS = x— (7.58) 

s 
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7.2.1. Freezing example. Here we will illustrate how the _D 4 the- 
ory with v\ = V3 = t> 4 = v,V2 = 2v and w\ = W3 = u> 4 = 0, W2 = v 
reduces to A 3 with V\ = V3 = v, V2 = 2v and u> 2 = 2v when the node 4 
freezes under q 4 — > 0. Keeping in mind unfreezing to the affine D4, let 
polynomial Y Q of degree v denote the fundamental matter polynomial 
attached to the node "2". 



The D4 spectral curve for the node "1" from (7.37) in terms of 
variable rj 

v = t + ^3i (7.59) 

where V 2 = Yot is 
TZ Da (v, x) = V % 2 - rfTjYo + V 2 (q x T 2 - Aqlq 2 2 q 3 q 4 Y 2 ) + 

r) (-q?q 2 T 3 T 4 + 4q2q2q 3 q 4 T 1 ro) - 4q?q2q 3 q 4 T 2 + q^q^ 2 + q?q^q 3 T 4 2 

(7.60) 

Notice that the curve is polynomial of degree 4 in rj with polynomial 
coefficients in x of degree 2v. In the limit x — > 00 we find the limiting 
values of rj are 

1 +qf c l2 c l3q4, qi+qiq 2 q3q4, qiq2+qiq2q3q4, qiq2q3+qiq3q4 (7.61) 
Notice that the differential is 

X = x — = x r (7.62) 

t (772 - 4qfq|q 3 q 4 )2 



Also notice that at rj — ±2q 1 q 2 q 3 2 q 4 2 the curve factorizes as 

^ D4 (±2q 1 q 2 q|ql,x) = q?q^(q 3 T 4 (x) =F q 4 T 3 (x)) 2 (7.63) 
as well as it factorizes at rj = oo 

n D4 (r] = oo,x) =Y (x) 2 (7.64) 

We can interpret the multi- valued nature of A on the 7/-plane as the 
deformation of the punctured sphere underlying the y4 r -type theories to 
the curve describing the _D r -type theories, by opening punctures into 
cuts. Perhaps one can elevate this observation to the corresponding 
deformation of the Liouville theory coupled to some conformal matter, 
along the lines of |105l I106| . 

We see that in the decoupling limit q 4 = the above curve reduces 

to 

n A3 (rj, x) = 7]% 2 - T] 3 TiY + ifq x T2 - r/q 2 q 2 T 3 F 4 + q?q 2 q 3 F 4 2 (7.65) 

where we just set that ^ 4 freezes and converts to a factor of degree v 
contributing to the fundamental matter polynomial for the node "2"; 



7.3. CLASS I THEORIES OF E TYPE 



76 



we denote this factor by I4 = y 4 = T4. The curve (7.65) is precisely 
the A3 curve for the node "1" ( |7.12[ ) in terms of the variable = YqT]. 
This curve corresponds to the GL(2) Hitchin system with punctures at 
four punctures 

1, qi, qiq2, q^qs (7.66) 
Moreover, from the discussion after ( 7.21| (we have w = 0,w 2 



2, w 3 = and = 2 and w + = w_i = 1) it is clear the the eigenvalues 
of the Higgs field residues at 77 = and at 77 = 00 are doubly degenerate 
which effectively means that SL(2, C) part of the Higgs field does not 
have punctures at 77 = and 77 = 00. We can continue the freezing 
reduction and now we shall set q 3 = declaring the function ^3 as 
contributing to the fundamental matter at the node "2", we denote 



^3 = T3 = Y3. After factoring out 77, the curve (7.65) reduces to the 
A 2 curve 

Tl A2 (r ] ,x)=r ] 3 Y 2 -r ] 2 T 1 Y + r ] q 1 T 2 -q 2 1 q 2 Y 3 Y 4 (7.67) 

The corresponding Gaudin system has punctures at rj = and 77 = 00 
and at 

1, qi, q x q 2 (7.68) 

Finally, we can freeze the node "1" by sending q! to zero and rescaling 
77 = fjqi so that the former punctures q 1; q x q 2 on the r)-plane in terms 
of 77 become 

1, q 2 (7.69) 
while the puncture 77 = 1 is send away to 77 = 00. We set Y\ = Vi = 



T\ and find that (7.67) reduces to the familiar A\ curve with gauge 
polynomial T 2 of degree 2v and four factors (Y , Yj., Y s , Y&) of degree v 
which make fundamental polynomial of degree 4t> 

ft A2 (77, x) = -fYxYo + r/T 2 - q 2 Y 3 Y 4 (7.70) 

The punctures of the corresponding Gaudin model in 77 plane are at 
(0,q 2 ,l,oo). 

7.3. Class I theories of E type 

We are using Bourbaki conventions to label the nodes on the Dynkin 
graph of E r series, see figures in the Appendix [Aj One can construct 
the analogues of the spectral curves C u or S u using the minuscule 
representations in the Eq and E7 cases. For Eg one can construct the 
spectral curve using the adjoint representation 248. However it seems 
more advantageous to use the degenerate version of del Pezzo/E'-bundle 
correspondence, which we review below in the discussion of Class II 
theories of E type. For the standard conformal E r quivers, which are 
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obtained by freezing of the node "0" in the affine E r quivers with ranks 
Vj = Ncii where a% are Dynkin marks, we find spectral curves of (t, x)- 
degree equal to (27, 6iV) for E 6 , (56, 12JV) for E 7 and (240, 60iV) for E 8 . 
These degrees can be understood from the degeneration of E r spectral 



curves computed in eq. (6.60) 



7.3.1. The Eq theory. The spectral curve in the fundamental 
representation Rq = 27 associated with the node "6", in which the 
group element of the conformal extension of Eq is g(x) = (^q{x), • • • ) 
has the form 

n E6 (t,x)=0 (7.71) 
where the explicit expression is of the forrrj^] 
TZ E6 (t,x) = det R6 (t ■ l a7 - g{x)) 

j.27 j.26t-i 1 +25rp rp +24rp (Tylrp 

_i_ j.23 I rp2rp2rp4rn4rp4rTi2 , rp rp2rp2rp4rp4rp4rTi , rp rp2cT)3rp rp 

<T> rp rp2rp2rp3rp rp , rp2rp3rp4rp6rp5rp4rri \ 
— r 2 ^3' r 4' r 5- r 6 i l i 5 + - r l- r 2' r 3' r 4- r 5' r 6 i 6j 

3 36 
6 

(7.72) 



I _ rpl8rp27rp36rp54rp45rp36 

1 ' ' ' y\ j 2 ^3 •'i ^5 x e 



where we have omitted the explicit expressions for the terms from t 24 
to t 1 , and we omitted the dependence on x in the notations for the 
polynomial coefficients so that Vi = Vi(x) and Tj = Tj(x). The curve 



7.72 has x-degree 27t>6, and, of course, is not the most economical. By 
rescaling g(x) — > ((x)g(x) with a suitably chosen ((x) of degree — u 6 
made of some powers of the factors in fundamental polynomials we can 



reduce the degree of (7.72). 



The most standard conformal Eq quiver, which arises from the de- 
generate limit qo — > in the node "0" of the affine Eq quiver, has matter 
polynomial T2 — 12^0 of degree iV only at the node "2" to which the 
affine node "0" was attached, while the degrees of the gauge polyno- 
mials are fixed by the Dynkin marks = Ncii, that is (v 1? . . . , v 6 ) = 



(N, 2N, 2N, 3N, 2N, N). For such conformal Eq quiver, the curve |7.72 
has canonical reduced form under the choice (~ 1 (x) = Yq(x) and the 
degree of the reduced curve is 6iV = 2V* where v* = V4 = 3iV denotes 
the rank in the trivalent node "4". The reduced curve of such special 



1 The explicit expression, which we do not list here, is available upon a request; 
it is computed by the straightforward expansion of the exterior powers /\* R§ in 
the representation ring Rcp(£ , 6 ) over the fundamental representations . . . ,i? 6 . 
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conformal Eq quiver is 7^E 6 (t, x), with CPj 



U E6 (t, x) = t 27 Y 6 - t^T, + t 25 q 6 Y % 



+25, 



■q i ,i^2;9 2 



q 2 lo we find 



i +23 / „2„2„4„4„4-ia4t-i2 i „ .2.2.4.4.4v4t 

+ qi qlqlY 2 T 2 T 3 - q^q^q^T^ + q?q^q^q^q^ 5 T 6 ) 
+ ■ ■ ■ - t 2 q\M\f qf qf qf Y*T 3 

i +., 1 6„25„33„50„42_34-i^5th „18 -27 _36„54„45„36-ia6 

+ *qi q 2 qs ^ qs % Y o T i - <u ^2 qs q4 qs q& r o 

(7.73) 

where again we only indicated the middle terms but skipped the explicit 



expressions. Indeed, one sees that the curve 7.73 of the E 6 quiver with 
the standard rank assignments v$ = Nai has degree 6N. At the limit 
x — y oo the 27 roots of 7^E 6 (i, x) in 7.73 approach the set of points in 



the t-plane labeled by the weights A in the 27 representation of E 6 and 
given explicitly by [iLi qf l ' A ~ Al) ; or 



| J qT | 22 niQi = -^6 - A, AG weights(i? 6 



(7.74) 



where rij are the coefficients of the expansion in the basis of simple roots 
of the difference between a given weight in 27 and the highest weight. 



One can associate a Higgs field to the spectral curve 7.73 with poles in 



the 27 punctures (7.74) with certain relations. In other words, the curve 
7.73 realizes a certain embedding of the standard conformal Eq quiver 
theory with gauge group ranks = (N, 2N, 2N, 3N, 2N, N) to some 
specialization of the A 2e theory with ranks (QN, QN, . . . , QN), and this 
embedding can be lifted to the Higgs field spectral curve representation 



of (7.73) 



For non-standard assignments of Wj and v» for the conformal Eq 



quiver we did not find a simple choice of ((x) reducing the curve 7.72 
to the minimal degree. For small ranks Vj, w« we can find the reduced 
curve using the brute search minimization problem on the total degree 
of the reduced curve under g(x) — > ((x)g(x). We have found differ- 
ent chambers in the space of parameters Wj,Vj with piece-wise linear 
dependence of the reduced degree of Wj or Vj's but not a simple ex- 
pression. For example, in several examples we find 

(wi) (vi) reduced curve x-degree 



(0,4,0,0,0,0) 


(4,8,8,12,8,4) 


24 


(3,0,0,0,0,3) 


(6,6,9,12,9,6) 


33 


(6,0,0,0,0,0) 


(8,6,10,12,8,4) 


40 


(4,0,0,0,0,1) 


(6,5,8,10,7,4) 


31 


(6,0,0,0,0,3) 


(10,9,14,18,13,8) 


53 
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where the first three lines list different conformal Eq quivers sharing 
the same v* = 12, and one can see that the curve of the minimal degree 
2V* is obtained in the standard assignment w* = 0,i ^ 2 associated to 
the degenerate limit of the affine E 6 . 

7.3.2. Ej theory. We write the spectral curve in, for example, the 
56 representation of E 7 similar to the E 6 case. If (v , . . . , v 7 ) = Ncti 
where a* are Dynkin marks of E 7 quiver, again, similar to E 6 quiver 
we find that the reduced curve of the standard conformal E-j quiver 
obtained from the degenerate limit of the affine theory has rr-degree 
12N = 3V* where v* = V4 = 4N is rank at the trivalent node. The 
standard E? quiver spectral curve hence is realized as a specialization 
of the spectral curve for A 55 quiver with ranks (127V, 127V, . . . , 12JV), or 
Hitchin system with 56 punctures on t-plane associated to the weights 
in 56. 

7.3.3. E$ theory. For E$ the minimal representation is adjoint 
248. The reduced curve in the adjoint representation for the stan- 
dard conformal E 8 quiver obtained from the degenerate limit of the 
affine theory has rr-degree 60iV = lOv* where v* = 6iV is rank at 
the trivalent node. Hence the standard conformal E s quiver spectral 
curve is realized as a specialization of the spectral curve for A247 quiver 
with ranks 60 (N, N, . . . , N), or Hitchin system with 240 punctures on 
t-plane associated to the non-zero adjoint weights in 248. 

7.4. Class II theories of A type and class II* theories 

Let us start with the simplest nontrivial examples, and then pass 
onto a general case. 

7.4.1. Class II A 1 theory. For the class II theory we shift the 
arguments of by ^ to get rid of the bi-fundamental masses. 

Let g(x) E SL 2 : 



(7.75) 



We have: q = q q 1? 



-s 



(7.76) 



2 • 
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The normalized si? characters (6.22) of the fundamental representa- 
tions Rq, Ri are equal to 



X (V(x),q) 



0(q) \<\iVq{x 



0(q) 



Mx? 

qiVo(^) 



(7.77) 



(see the appendix for our conventions on elliptic functions). The char- 
acters (7.77) are invariant under the Weyl transformations 



yi-^qiVr 1 ^ 

and therefore we can equate them to the polynomials: 
X (y(x),q) = T (x) 



(7.78) 



T< 



o.n 



0(q) 



X 1 ty{x),q) = T 1 {x) 



(7.79) 



Ti,o 



qo/ 0(q) 



The values of characters (7.77) and qo,qi define an d ^i up to an 
affine Weyl transformation. To recover y an d ^i we invert the relations 
fl77fFb: 



M = qf 

0(q) 



y (x) 



T (x) 



(7.80) 



and express 



Actually, the ratio 



TJx) 



^ 3 (t 2 ;q 2 ; 

g 3 (t 2 ;q 2 ) 

fl 2 (t 2 ;q 2 ) T x (x) 

qo^^ ^ 3 (t 2 ;q 2 ) 

qi 



(7.8i; 



^ 2 (t2;q2) 

is a meromorphic function on £ with two first order poles at t — ±i 
and two simple zeroes at t — ±iq. Therefore 

X(t,q)-X 



X(t,q)-*i' 



X Q :=X(iq,q), X 1 :=X(i,q) (7.82) 
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with 

5oo .(?2)"M^) (7 .83) 
\qj 9 2 (l,q 2 ) 



and the explicit q-series for X(t, q) is given in (D.19),(D.22). Hence, 
the algebraic Seiberg-Witten curve C u describing the A\ theory is a 
two-fold cover of the rational curve E u 

(CodKx) - T (x))X - (UTi(x)X - T {x)X 1 ) = (7.84) 



defined by the WeierstraB cubic (D.24). There are AN branch points 
of the 2 : 1 cover C u — > S u : 

£oo7l(^oo,a) — To(Xoo >a ) = 

(6»2i0& a ,a) - T (x ata ))e a - (ZooT^Xa^Xo - T (x Qia )X 1 ) = (7.85) 
a = 1, 2, 3, a — 1, . . . , N 

which can be split into 2 groups of N pairs, corresponding to the cycles 
A iSL with i — 0, 1, e.g. A 0sl is a small circle around the cut which 
connects £i a to X2, a , while A\^ a is a small circle around the cut which 
connects X3 i& to Xoo ia . The special coordinates are computed by the 
periods of 

ai>_ = x alog (t) = X 

The curve C u is the spectral curve. The cameral curve C u is a Z-cover 
of spectral curve C u , which is given by the same equations but now 
with t G C x as opposed to t G £. On cameral curve C u we have the 
second differential 

dS + = x d\og 6 ) 3 (t 2 ; q) 

which would be a multi-valued differential on spectral curve C u whose 
periods are defined up to the periods of dS-, similar to the polyloga- 
rithm motives 11071. 



7.4.2. Class II* A theory. This is a (noncommutative) U{1) 
M = 2* theory. This theory was solved in |4] by the similar method. 
There is only one amplitude ^(x) = ^0(^)5 with the single interval / as 
its branch cut, the single function 

with two branch cuts I and / — m. Crossing the / cut maps t(x) i-> 
qt(x — m). Crossing the cut / — m has the opposite effect: t(x) n- 
q~ x t(x + m). The extended functions 

tj(x) = q j t(x — jm) 
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The analytically continued function t(x) has cuts at 7+mZ. The sheets 
of the Riemann surface of t(x) are labeled by j G Z, so that on the 
sheet j the cuts are at I — jm, and I — (j + l)m. Upon crossing I + jm 
the tj(x) function transforms to tj + i(x) function. As x — > oo on this 
sheet the corresponding branch of t(x) approaches q J . These conditions 
uniquely fix the inverse function to be the logarithmic derivative of 9\. 

x = a + mAog 6 X (t; q) (7.86) 

7.4.3. Class II A r theories. In order to solve the general rank 
r theory, it is convenient to form a linear combination of fundamental 
characters of A r . Ultimately we would like to define a regularized 
version of the characteristic polynomial of g(x), where, as in the general 
case, after the shift of the arguments of ^i(x) — > ^%{x + Hi)' 

r ^ 

9(x) = l[qf r nxfr (7.87) 

i=0 

Using ti(x) = g(x) ei (see the appendix), we compute: 

U(x)=i i J i ^\ , z = l,...,r + l (7.88) 

where we extended the amplitude functions defined for j = 

0, . . . ,r to be defined for all j e Z by periodicity Yj(x) = Vj + ( r+ i) (x) 
and where 

t(x) = (tx(x),t 2 (x), . . . ,t r+1 (x)) 
represents an element of the maximal torus of SL(r + 1,C), i.e. 

r+l 

l[U(x) = l. 

i=i 

The ti are the asymptotic values at x — > oo of ti(x) and are given by 
i i = (q i ...q r )-\q 1 q 2 2 ...q r r )^, i = l...r + l (7.89) 

and 

g(x)- s = q, g{xf° = %{x). (7.90) 

Now we shall explore the relation between the conjugacy classes in Kac- 
Moody group and the holomorphic bundles on elliptic curve £. We will 
consider a family of bundles on £ parametrized by the C/ x \-plane, as 
e.g. in [88]. We start with individual bundles. 

Let V be a rank r + l polystable vector bundle of degree zero over 
the elliptic curve £ = C x /q z , with trivial determinant, 

detU w £ 
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Such bundle always splits as a direct sum of line bundles 

r+1 

V = @Z H . 



i=l 



Each summand is a degree zero line bundle Lj which can be represented 
as Li = O(po)~ 1 0(ti) where 0(p) is the degree one line bundle whose 
divisor is a single point p G E and po denotes the point t = 1 corre- 
sponding to the identity in the abelian group law on the elliptic curve 
£. A meromorphic section Sj of Lj with a simple pole at t = 1 and zero 
at t = t j can be written explicitly using the theta-functions: 

0(t/t i5 q) 



Si(t) 



9(t;q) 



(7.91) 



and is unique up to a multiplicative constant. To each degree zero 
vector bundle V with the divisor 

D v = -{r + l)p +*! + ••• + *r+l 

of detV we associate a projectively unique section s of its determinant 
detV^ which has zeroes at t%, . . . , t r+ i and a pole of the order not greater 
than r + 1 at t = 1: 

K*;t)=n^# (7.92) 



i=i 



0(f;q) 



where we explicitly indicate the t dependence of the section s. Now 
set ti = ti(x) given by (7.88). The meromorphic sections s(t;t(x);q) 
can be expanded in terms of the theta-functions 9j$o(x)\ t; q) and 
characters of A r (see flC.149[ )( |C.147[ )) as follows 

J^q'h^ ®i(Mx)l t(x);q)0i(t;q) = 

r 

= 0(q) r Xi(Vo(aO; t(s); q)0i(t; q) (7.93) 



i=i 



i=0 



i=0 



where the functions 4>i(t; q) are normalized meromorphic elliptic func- 
tions defined in the appendix D.2.3 Hence we find from (6.39) and 
QD.29D that the section s(t,x) ( |7.92[ ) obeys 

r 

%(x)s(t, x) = <P(q) r Xi(%(x); t(z); q)M fj (q)4>-(t; q) (7.94) 

i=0 
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where </>-•(£; q) denotes the WeierstraB monomials of Weierstrafi ellip- 
tic functions X(t,q) and Y(t, q); and Mf- is a certain modular ma- 



trix as defined in appendix D.2.3 Recalling (6.5) that the characters 



(Xi(^o(x)', t(x); q)) evaluated on the solutions (^(x)) are polynomials 
in x, from (6.22) (6.28) we get 



%(x)s(t,x) 



i=0 \j=0 



r^^M^q^^q) (7.95) 



The section s(t,x) vanishes at the r + 1 points ti(x), . . . ,t r+ i(x) for 
each x G C/ x \, and hence defines the r + 1-folded spectral cover of C( x ) 
plane by the equation 

R(t,x)=0 (7.96) 



where R(t } x) is the right-hand side of (7.95). The curve (7.96) coincides 
with the curve in |1U| constructed from by lifting to M-theory the IIA 
brane arrangement realizing the elliptic model with m = 0. 



7.4.4. Class II* theory. Recall that in (6.37) we defined an infi- 



nite set of functions Yi(x), iGZ. The analogue of the formula (1.2) is 

Y(x) 



the matrix g(x) G GL^, (cf. (6.39)): 



g(x) = Y (x) x diag ( U(x) ) ieZ , 
where L i £ Z solve 



Yi-i(x) 



(7.97) 



t'i+l limod (r+l)tii 



and are normalized as in (6.40) 



r+1 



so that for i — 1, . . . , r + 1 the £j coincide with those in (|6.40|), and 

tH (q^ 1 ) 



(7.98) 



The fundamental characters of GL^ evaluated on g(x), Xi{d{ x )) are 
associated with representations IZi of GLqo with the highest weight 



taking value (cf. flC.164[ )): 

g(x)' Xi = Y t (x) W = Y (x) t(x)t 



(7.99) 
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The characters are given by the infinite sums over all partitions A 
(Ai > A2 > ■ ■ ■ > Xe(\) > 0) and so are the normalized invariants 



Xi({^(ar)},q) = — Xt (g(x)) 



En 

A j=l 



Y 



j^y j Yi_ iW (x) (7.100) 



Yi(x) + q, 



Y i+ i(x)Y i _ 1 (x 



Yi(x) 



+ ... 



where we use the notation section 1X721 



The invariant X, in (7.100) is a convergent series for |cjj|< 1 like 



the theta-series, if U(x) is uniformly bounded. In fact, for the periodic 
chain of arguments, i.e. for Y%(x) = Yi +r+ x(x) the gi^ character (7.100) 



reduces to the usual afline character of $l r . The convergence of X; in 
the class II* case is more subtle. We shall comment on this below. For 
the moment let us view the invariants as the formal power series in q 
with coefficients in Laurent polynomials in Yi(x). 

For the class II* theory the extended amplitudes Yi(x) are quasi- 



periodic in i, cf. (6.38), so 

X i+r+1 ({Yj(x)}, q) = X,, ({Yj(x - (r + l)m)}, q) 



(7.101) 



The cameral curve C u for the class II* A r theory is defined by the 
system of r + 1 functional equations 



with 



X i {{Y j (x)},q)=T i (x 
Ti(x) 



0. 



(7.102) 



N 



T lfl x N + T hl x N - 1 + J2 



Ui^X 



.N-a 



a=2 



(7.103) 



A j=l 

Let us now describe the II* analogue of the spectral curve, and find its 
realization in terms of some version of the Hitchin's system. Along the 



way we shall get an alternative derivation of (7.95) with the benefit of 
getting its Hitchin's form as well. 

We form the generating function of Xj's and study its automorphic 
properties. The idea is to regularize the infinite product 



H(l -**(*)/*)/(!-£/*) 
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while keeping the same set of zeroes and poles. Thus, we define 



R{t,x) 



where 



oo 

D (t;q) = l[(l-i k t- 1 )(l-ti-\) 



(7.104) 



k=l 



r+1 

n 



0{t/koi) 



(7.105) 



i 0(q) 

First of all, given that at large x the eigenvalues t k (x) approach i k 

which, in turn, behave as q r+1 , we expect (7.104) to define the con- 
verging product, at least for large enough x. 

Secondly, let us check that (7.104) is *W-invariant. Let i — 0, . . . ,r, 
a = 1, . . . , N. While crossing the Jj a cut the "eigen-value" tj(x) maps 
to ti + i(x), which, in case i > 1 or i < 0, leaves (7.104) manifestly 
invariant. For i = several factors in A(t, x) transform, altogether 
conspiring to make it invariant: 

Y (x) H- q y_i(a;)yi(a;)/yo(a;) = ti(x)/t (x), 
(l-t 1 (x)r 1 )(l-tto(a:)~ 1 )'->' 

(1 - toWr^Q. - tti(x)- 1 ) = - hW 1 )^ -tt Q {x)- 1 ) 

h(x) 

(7.106) 

Thirdly, let us introduce the analogues of the spectral determinants for 
all fundamental representations IZi. 



Ai(t,x) 



YAx) 



I I (i-t k (x)r l )(i-tt 2 , 



A(*;q) 

Di{t; q) = J [ ( 1 i k t- l ){l -ti 2 l +1 



k=i+l 

oo 



-k) 



(7.107) 



k=i+l 



Using D i+ i(t; q) = -ti^D^t; q), Y i+1 (x) = U+^i^Y^x) we derive: 
A;(t, x) = R(t, x) for all % G Z. 

Then, the quasi-periodicity (7.101), (7.98) implies 

R(qt, x + m) = A r+1 (t, x) = R(t, x) (7. 108) 

Given the large x asymptotics of Yq(x) and ti(x), we conclude: 



N 



R(t,x) = X N + J2 6 k{t)c 



,N-k 



(7.109) 



k=l 
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where 5k{t) are the quasi-elliptic functions, which have the first order 
poles at t = ti, i = 0, . . . r on the elliptic curve £ = C x /q z . Indeed, the 
poles come from the Do(t; q) denominator, while the quasi-ellipticity of 
S k (t) follows from gjggb: 



5j(qt)— <5j(i) = m'+polynomial in m linear in5fc(qt), 
Now use flC.160D , ( |C.163D to rewrite R(t, x) as: 



k<i (7.110) 



i2(t,a;) 



A>(*;q) 
1 



A)(t;q) 



(7.111] 



where we extended the definition of gauge polynomials Ti(x) to i G Z 
by quasi-periodicity implied by ( 7.101| ): 

T i+r+1 (x) =T i (x-m) (7.112) 



Armed with (7.112), (7.98) we reduce (7.111) to a finite sum: let 

r 

r(t,x) = YX-t) i WT i (x) , 

then (cf. ( |LT27l )) 

*) = ^r(t,i- 6m) ((-t) b q 

1 



, b(b-i) 

2 



r+1 



(7.113) 



(f ("(-*) 



r+l. „r+l 



) * m r(t,x)) 



A)(*;q) 

where the *^-product is defined by the usual Moyal formula: 

(/ *h g) {t, x) = e h sitsr,2- h ostav! \ (=v=Q f(t + r)i,x + &)g(t + r] 2 ,x + £ 2 ) 

(7.114) 

The appearance of the *-product is the first hint that the class II* 
theory has something to do with the noncommutative geometry. We 
shall indeed soon see that a natural interpretation of the solution to the 
limit shape equations of the class II* theory involves instantons on the 
noncommutative four- manifold IR 2 x T 2 , where the noncommutativity 
is "between" the M 2 and the T 2 components. 

7.4.5. Hitchin system on T 2 . The above solution can be repre- 
sented by the affine GL(N) Hitchin system on £: 



$(qt) = $(t) +Nm- 1 



N 



(7.115) 
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with r + l rank 1 punctures if. 



®3 = U 3 ® V J 



j = l,...,r + l 
u j) v j eC ff 



whose eigenvalues are fixed in terms of masses: 

v*-Uj = tr$j = Nrrij . 



(7.116) 



(7.117) 



Actually, the vectors and covectors Vj,Uj are defined up to the en- 
action 



(Vj,U,-) ^ {ZjV^Zj Uf), ZjEC 



(7.118) 



and (7.117) is the corresponding moment map equation, defining the 
coadjoint orbit Oj of SL(N, C). We can shift $(t) by the meromorphic 
scalar matrix 



r+l 



dt 



-N 



3=1 

which gives the following traceless meromorphic Higgs field (see [94J): 



p.<5+£«K(i-*i) 

i=o 



N 



a,b=l 



(7.119) 



which depends, in addition to the SL(N, C)-orbits Ox, . . . , G r +i on the 
choice (wx, . . . , Wn) of a holomorphic SL(N, C) bundle on £, and the 
dual variables (px, . . . ,Pn), subject to 

N N 
a=l a=l 

There are additional constraints: 

r+l 

5>x = m ( 7 - 12 °) 

i=l 

which generate the action of the residual gauge transformations in the 
maximal torus T = (C X ) 7V_1 of SL(N,C). The dimension of the cor- 
responding phase space whose open subset is isomorphic to 

« (T*Bun 5L(7V , C )(£) x x^O,) //T (7.121) 

is equal to 

dim<p = 2(iV-l) + (r + l)(2(JV-l))-2(iV-l) = 2(r + l)(JV-l) = 2r 

(7.122) 
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which is twice the dimension of the moduli space 971 of vacua of the class 
II* A r theory with the gauge group G g = SU(N) r+1 . The remaining 
r + 1 mass parameters are encoded in the symplectic moduli of the 
coadjoint orbits Oj, as expected. 

The relation to our solution is in the equality of two spectral deter- 
minants: 



R(t,x) = Det 



jV 



X 



• 1 



N 



*(t) 



(7.123) 



which is established by comparing the modular properties and the 
residues of the left and the right hand sides. 

Note the duality of the twisted periodicities of the gauge theory and 
Hitchin's system Lax operators: 

$(qt) = w- l <b(t)w + m • 1 N e sUN, C) 

_ (7.124) 
q • g(x — m) = S g{x)S e GL^ 

where S is the shift operator S = J2i&z ^M+r+ij an d w = diag(wi, . . . , to at). 
The Eq. (7.123) can be suggestively written as: 



Detiv(x - $(*)) w Det H {t - g{x)) (7.125) 
where H is the single-particle Hilbert space of a free fermion ip. 

7.4.6. Relation to many-body systems and spin chains. The 



parameters of the spectral curve (7.123) are holomorphic functions on 
^P°, which Poisson-commute, and define the integrable system. One 
way of enumerating the Hamiltonians of the integrable system is to 



mimic the construction of Hamiltonians (4.22) of the higher genus 



Hitchin system. For example, the quadratic Casimir is a meromorphic 
2-differential on £ with the fixed second order poles at t — ij 



r+1 



tr$(t) 2 = NV^t/t^dt 2 + U2,iA(f/tj) + ^2,0 



3=1 



The Hamiltonians C^q, C^2,i,j are computed explicitly in j94]. They de- 
scribe the motion of N particles on £ with the coordinates Wi, . . . , w^, 
which have additional GL(r + 1, C)-spin degrees of freedom. However, 
in view of our gauge theory analysis, it seems more natural to view 
this system as the GLoo-spin chain. We conjecture that the defor- 
mation quantization of the properly compactified phase space will 
contain the subalgebra *4 m of the Yangian Y{GL 00 ) algebra, which is 
a deformation of the Yangian of the affine A r . 
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The relation of many-body systems and spin chains based on finite 
dimensional symmetry groups was discussed in the context of Hecke 
symplectic correspondences in |108[ I109| . One can also interpret the 
results of |110| as the quantum version of this correspondence. 

7.5. Class II theories of D type 

In this section $j q = D r . 

The fundamental weights of D r are Ao, Aj — cl^ \q -\- Aj, i — l,...,r 
where Aj are fundamental weights of D r , and Dynkin labels are (ao, . . . ,a r 
(1, 1,2, ... ,2, 1, 1) (see Appendix C.3.2). Correspondingly, 

ti{x) =iMx)/%{x), 

t i (x)=t i y i (x)/y i ^ 1 (x), z = 3,...,r-2 (7.126) 

t r (x) =i r y r {x)/yr-i(x) 



with 



— 1 — - 

(q*qi+i . . . q r -2) (qr-ilr) 2 
i = l,...,r-2 (7.127) 



tr-i — (q r -icir) 2 , i r = (q r _i/q r )2 



T 



There are 4 irreducible D r highest weight modules R , Ri, R r -\, R 
at level 1, and r — 3 irreducible D r highest weight modules i?2, • • • , R r -2 
at level 2. In this section, to shorten formulae, we are using not the 
characters of Ri themselves but the closely related affine Weyl invariant 
functions at level 2 and iXj 3 at level 1 expressed terms of theta- 
functions explicitly as given in the appendix (C.159). Such functions 
iXj 3 and differ from the actual characters by a simple power of 
Euler function 0(q) and some q-dependent constant, also \Xq, iXf ap- 
pear as a linear combination of R and R± characters, while 

appear as linear combination of Rr-i and R r characters (see appendix 
((CTT59|). 

\xf(%(x),t(xy,q)=T,(x) 



2 Xf(Mx),t(x);q)=T j (x) 



(7.128) 



where polynomials Tj(x) are of degree for j = 0, l,r — l,r and of 
degree 2A^ for j = 2, . . . , r — 2. so that \X D is of degree 1 in for 
j = 0, 1, r — 1, r and is of degree 2 in V f° r j — 2, ... ,r — 2. 
Also, in this section the highest coefficient of the polynomial Tj(x) 
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is normaliz ed diffe rently then in 6.22 one can find it as theta-series 
evaluating (C.159) on t t -. 



Using the standard embedding so(2r) C sl(2r) we construct the 
algebraic equation of the spectral curve of the D r theory as the spe- 
cialization of the spectral curve for A 2r ~i theory. Indeed, a vector 
bundle V associated to the vector representation of SO(2r) splits as 
the sum of r pairs of line bundles 

L u © L t -i 

with the degree zero line bundle L t being 

U = Oip^Oit) (7.129) 



and po G £ is our friend t = 1. Then we proceed as in dDT27l > ( |DT33| > d7T92| > 
by considering a meromorphic section of the determinant bundle detV~ 



s(t, x) 



^6(t/t l (xy,q)6(t/U(x)- 1 ;q) 



9(t;q) 



6(t;q) 



From appendix D.2.5 we find 

r 

%s{t, x) = Y, 2i(^o; t(x); q)M lJ (q)X\t; q) 



(7.130) 



(7.131) 



i=0 



where X^(t, q) are powers of Weierstrafi monomials forming a basis in 
the space ifg ven (£, O(2rp )) of meromorphic functions on elliptic curve 
symmetric under the reflection t — > t^ 1 and with a pole of order no 
greater then 2r at the origin, and Mjj(q) is a certain modular matrix. 



The linear relations (C.156) allow to express Sj in terms of 



D\2 



% = 0, 1, r — 1, r 



as 



(7.132) 



(7.133) 



i=0 



where Mg(q) is a certain modular transformation matrix. Using the 
character equations ( 7.128[ ) the spectral curve (7.131) turns into 



%s(t 1 x) = Y J Ti{x)M l] (q)Xi(t 1 q) 



(7.134) 



i,3 
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where M-Jq) = M| i (q)A/ ii (q) and 



fj(x) = T ? (x) 1 = 2, 

\2 



. . . , r — 1 

0, 1, r — 1, r 



(7.135) 



Tj(x) = (T 5 (x))* • 

The spectral curve of the D r . theory is the algebraic equation R(t, x) - 
where R(t, x) is the right h and side of 7.134 combined with the Weier- 



strafi cubic equation (D.24 



A2r-i curve in two ways. 



. The D r curve is the specialization of the 
r irst, there are no odd in Y monomials in 
(7.134), and, second, the polynomial coefficients Tj(x) of degree 2N in x 
satisfy factorization condition: they are full squares for i = 0, 1, r — 1, r. 

To interpret the curve in Hitchin-Gaudin formalism we will rewrite 
it in a slightly different form. First, notice thatQ 

n 9 t!i"fi'!t^ = rW «><* - *» <v*> 



1 ftftq) »i{t; q) 



We used here the notations ( |D.22 ), (D.25) for the Weierstrafi functions 
and 

3 

X i = X(t i ;q), Yi = ^Y[{Xi - e a ) 

a=l 



Then, if we divide ( |7.130[ ) by ( |7.136[ ) we fincQ 

r 



1=1 



^ e 1 (t/t i (x) ] q)6 l (t/t; 1 (x);q) _ 



2 Indeed, the LHS and RHS is the meromorphic elliptic function with 2r zeroes 
at points X it Y and -Xj, — Y and the pole of order 2r at i = 1, or X = oo. Such 
function is unique up to a normalization which is fixed by the asyniptotics at t = 1 . 

3 And use #i(i, q) in lieu of 9(t, q) as the basic function, so that strictly speaking 



there is slightly different transformation matrix .Mj compared to ( 7.130 1 ( D.33 1 
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Now, at the order two points on £PJ the value of the section R(x, X) can 
be expressed in terms of the weight 1 invariants iX^_ 1; iX^*, iX^, iXf 
(compare with (C.159) and (C.150)( JC.151 )), and it factorizes as 

(Tr-l(x)) 2 

c 2 (q) (T r (x)) 2 
U^ e2 = c 3 (q) (T (x)) 2 
U^ 3 =c 4 (q) (T\(x)) 2 



R(x,X) 
R{x,X) 
R{x,X) 
R{x,X) 



\x-+ei z 



(7.138) 



where 



Cfc(q) = J] 



L 1 k (i t ;q)e k (i- 1 ;q) 
The Seiberg-Witten differential is given by: 

dX 



k = 2,3,4 



A 



x- 



Y 



is a curve in the product CF 2 X . Y . Z ) x Cm, given by the equations: 



It is defined on the two fold cover C u of the curve R(x, X) 

"(X:Y:Z) X ^(x)> 

Y 2 Z = A(X - e x Z){X - e 2 Z)(X - e 3 Z) 
F(x, Z, X) = Z r R(x, X/Z) = 



(7.139) 

(7.140) 
0, which 



(7.141) 



The curve C u can be interpreted at the spectral curve of GL(2N) 
Hitchin-Gaudin system on the orbifold £/Z 2 , such that at the fixed 
point X = oo, ex, e% the GL(2N) system reduces to the Sp(2N) sys- 
tem. For more details on the Hitchin system, Nahm transform and 
the brane construction of the the spectral curve for the D r quiver see 
[4"4"l 146] . Our main result is the rigorous derivation of the spectral curve 
and its periods from the gauge theory considerations. 

7.5.1. Deforming the N f = 4 SU(2) theory. The D 4 theory 
can be interpreted as the theory obtained from gauging the flavor group 
of the D4 theory with (vi, V2, V3, V4) = (N, 2N, N, N) theory, and with 
(wi, W2, W3, W4) = (0,N, 0, 0) matter multiplets. In the limit qo — > 
the elliptic curve £ degenerates to the cylinder C,*>, while Seiberg- 



D 4 theory (7.50) 



Witten curve (7.141) degenerates to the Seiberg-Witten curve of the 



1 / 2 ,q 1 / 2 ) in the t-parametrization, where vanish 



e.g. the points (1,-1, 
the respective theta functions 9i(t;q),02(.t;q),O 3 (t;q),04(t;q 
the four branch points in the X plane: (00, ei, e2, e^) 



or, equivalently, at 
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Let us consider the case N = 1. Let us parametrize the polynomials 
T ,Ti,T 3 ,T 4 as: 



Ti(x) = T ifi (q)(x - m 



i = 0,l,3,4 



(7.142) 



and 



T 2 (x) = T 2i0 (q)(x 2 - m 2 x + u) 

where parameters g« , m 8 and u are related to the microscopic couplings 
q< and the U(l) 4 x SU(2) Coulomb moduli 



i=l 
4 



^4,o(q) = n^(^), 

i=l 

T lfi (q) = f[e^) 1 (7-143) 



i=l 



i=l 



T 2i0 (q) =S 2 (l,t,q) 



where ti are defined in (7.127). Then the spectral curve of the 



theory (7. 137) (7. 138) has the generic form: 



R(x,X)=T*(x) + J2 



bj(x) 
X-Xi 



(7.144) 



where bi(x) are some polynomials of degree 2 that we want to relate 
to the coupling constants and Coulomb parameters. The first thing 



to notice is that R(x,X) in (7.144) obtained from (7.137) does not 



have poles at X = Xj at x — > oo in the leading order x 2 . Therefore, 
the polynomials are actually degree 1 polynomials containing 8 
coefficients. There are 6 linear equations on these coefficients coming 



from 3 factorization equations (7.138) viewed as coefficients at x 1 and 



x° (and notice that the equations at x 2 are identically satisfied because 
of ([77143]) and <FT\M) 



E 



bjjx) 
i e x - X 



E 



bjjx) 
i e 2 - Xi 



c 2 T 2 (x) 



c?,T 2 {x) 



(7.145) 



E 



bjjx) 
i e 3 - Xi 



c 4 T x 2 (x) — T 2 (x) 
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The above three equations determine four linear functions bi(x) up to 
a single linear function, which depends on two parameters m>2,u: 

b=l,..A,b^j 



bj(x) = (— m 2 x + u) Det 



e a -X b 



a=l,...3 



(7.146) 



From (7.137) it is clear that m 2 ,u are proportional to rri2,U2- To sum- 



marize, we can describe the spectral curve (7.144) of _D 4 theory by 
the coupling constants , i = 0, ... ,4, which define the elliptic curve 
£(q) with modulus q = q q 1 q|q 3 q 4 and positions of 4 punctures Xi in 



the C(x) plane for Weierstrafi cubic using (7.127), the 4 parameters 
rrii,i = 0,1,3,4 entering into relations (7.145) through (7.142) and 2 



parameters rri2,u in (7.146). 

Now consider the limit qo — > which turns the D4 class II quiver 
theory to the D 4 class I quiver theory. In this limit the Weierstrafi 
cubic degenerates: e\ = — 2e 3 , e 2 = e 3 = 1/12, 



with 



X 



Y 2 = 4(X-e 3 ) 2 (X + 2e 3 ) 2 

t(l + t) 



t 1 
+ 12' 



Y 



(7.147) 



(7.148) 



The Seiberg-Witten differential x^y- becomes iy. The elliptic curve £ 
degenerates to the rational curve which is the double cover £ 1— > X of 
the complex projective line CP^. To make contact with the Seiberg- 
Witten curve of the the D4 quiver theory it is convenient to work 
in the coordinate which is related to the coordinate X by rational 
transformation 

1 



77 = 2 + 



t + t 



-1 



(7.149) 



X-e 3 

The function f](X) is degree two meromorphic function on £ with values 
at the four Z2 invariant points given by 

V(e 2 ) = V(e 3 ) = 00, 77(d) = -2, 77(00) = 2 (7.150) 



Rewriting (7.137) in terms of rj(x) we find the equation of spectral 
curve K D4 (r],x) = for 



n D *( v ,x) = J2v l p t 



X 



(7.151) 



where pi{x) are some polynomials of degree 2 in x. Moreover, the fac- 



torization conditions (7.138) translates to the statement that TZ Di (r), x) 
is full square at rj = 00 and at rj = ±2 in the polynomial ring of x. 



Notice that this is precisely the factorization conditions (7.63) (7.64) 



of the curve (7.60) for the D A quiver. (The variables t and 77 in the 
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u 


2, 3, 1, 


2, 3, U 


2, 3, l t 


2, 3, 1, 


2, 3 




4, 


4, 


4| 


4i 


4, 



Figure 7.3. The freezing D 4 -> £> 4 ->■ A 3 ->■ A 2 -)> Ai. 
The live nodes are denoted by red, the frozen nodes are 
denoted by blue. The nodes are labeled as i Vi 



equations (7.60), (7.59) correspond to t and rj of this section multiplied 
j\ — ^ — 

by a factor qiq2q| q| •) 

Given the above discussion and the section 17.2.11 let us summarize 

the freezing hierarchy — > — > A3 — > A2 — > Ax- For D4 theory 

we start with elliptic curve £(q) with Z2 reflection symmetry t — > t^ 1 

(or Y — > —Y) and 8 Z2-symmetrically located punctures in 4 pairs 

(t^t" 1 ). As we freeze qo — > 0, the elliptic curve £(q) degenerates to a 

Z2-symmetrical cylinder C 4 X with 4 old pairs (£j, t" 1 ) of punctures. The 

cylinder C t x double covers its Z2-quotient CP X . This is the situation 

of -D4 quiver theory (7.60). As we freeze q 4 — > the second sheet 

of the double cover C x — > C x 



is removed to infinity and we are left 
with 4 punctures of A3 quiver at (qf 1 , 1, q2, cteqs) Notice, that as 



discussed after (7.65) the SX(2, C) residues of the Higgs field vanish 
at the punctures in and 00. As we freeze q 3 — ^- the puncture at 
q 2 q 3 (with non-trivial SL(2, C) residue of Higgs field) merges with the 
puncture and we are in the situation of the A 2 quiver with SL(2, C) 
punctures at (q^ 1 ,l,q 2 ,0) and GL(1,C) puncture at 00. Finally as 
we freeze qi — > the puncture at qjf 1 (with non-trivial residue of the 
SL(2, C) Higgs field) is merged with the puncture at 00 and we are 
left with CP 1 with SL(2, C) punctures at (00, 1, q 2 , 0) for the A\ quiver 
theory defined at the dynamical node "2". See figure |7.3[ 

7.6. Class II theories of E type 

The main technical tool is the natural isomorphism between the 
moduli space of the i^-bundles on elliptic curve £ and the moduli 
space of del Pezzo surfaces S^, which are obtained by blowing up k 



points in 



and have the fixed elliptic curve £ as the anticanonical 



divisor. The spectral curve is found using the "cylinder map" and 
see |112H114] for applications. 



5 Keeping in mind the ultimate configuration of the Ai quiver dynamical at 
node "2" we have rescaled the position of punctures by a factor of cji- 
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Another way of encoding the geometry of the moduli space the Ek- 
bundles is in the unfolding of the parabolic unimodular singularities 
|H5] T aAc with 

1 1 1 

-+-+-=1 
a o c 

which are: 



E 6 


= P 8 


= ^3,3,3 


x 3 + y 3 + z 3 


+ mxyz, 


m 3 


+ 27^ 0, 


E 7 


= x 9 


= ^2,4,4 


x 4 + y 4 + z 2 


+ mxyz, 


4 

m 


- 64 ^ 0, 


E 8 


— J 10 


— ^2,3,6 


x 6 + y 3 + z 2 


+ mxyz, 


4m ( 


! - 432 ^ 



(7.152) 

We shall not pursue this direction in this work. 

REMARK. Another important question left for future work is the 
connection between our description of the special geometry via the 
periods of cft§ and the periods of non-compact Calabi-Yau threefolds of 



7.6.1. Del Pezzo and E G bundles. The Del Pezzo surface S 6 C 
WP 1 ' 1 ' 1,1 = CP 3 is a zero locus of a homogeneous degree 3 polynomial: 

3 

T 3 (X ,X 1 ,X 2 ,X 3 ) = J2 x o~ l ^(X 1 ,X 2 ,X 3 ) (7.153) 

j=0 

where Qi is the degree i homogeneous polynomial in Xi,X 2 ,X 3 . In 
particular, 

G 3 (X 1 ,X 2 , X 3 ) = -X X X 2 + 4A 2 3 - g 2 X 2 X 2 - g 3 X 3 (7.154) 
defines the elliptic curve £, which determines the gauge coupling q = 



exp2vrir, cf. (D.24): 



T = x B ^v/v ' X = X 2 /X 1 ,Y = X 3 /X 1 (7.155) 

J A dX / Y 

The rest of the coefficient functions ^0,1,2 is parametrized as follows: 

Q 2 {X X , X 2 , X 3 ) = p Xl + Pl X x X 2 + p 6 X 2 X 3 (7.156) 

G 1 (X 1 , X 2 , X 3 ) = p 2 Xi + p 3 X 2 + p 5 X 3 (7.157) 

g (X 1 ,X 2 ,X 3 )=p 4 (7.158) 

The isomorphism classes of 5 6 surfaces containing the fixed elliptic 
curve £ are in one-to-one correspondence with the points 

[p] = (Po '■ Pi '■ Pa ■ P2 ■ P3 ■ P5 ■ Pa) e M (7.159) 

in the weighted projective space Ai = WP ' ' ,2 ' 2 ' 2 ' 3 , which is also iso- 
morphic, by E.Loojienga's theorem |116| . to the moduli space Bun^ 6 ( C }(£) 
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of holomorphic semi-stable principal .E^-bundles on £. We label the 
projective coordinates pi in such a way that the projective weight of 
Pi equals Dynkin mark a« in our conventions Appendix [A] The cor- 
respondence between the E^-bundles on £ and the del Pezzo surfaces 
Sq is geometric: there are precisely 27 degree 1 rational curves ("the 
(— l)-lines") C a on Sq, a = 1, . . . ,27, which are the divisors of the line 
bundles L a on Sq. The direct sum 

27 

W = 0£ a , (7.160) 

a=l 

has no infinitesimal deformations, as a bundle on Sq. The mapping 
class group of Sq acts on the (— l)-lines by the Eq Weyl transforma- 
tions. As a result, the bundle U is a vector bundle associated to a 
canonical principal -Eg(C)-bundle Vs 6 over Sq with the help of a 27 
representation: 

U = V Sa x E6(c] 27 (7.161) 

The restriction of Vs 6 \e is the holomorphic principal Eq(C) bundle over 
E which corresponds to the point [s] in Loojienga's theorem. Again, 
the associated rank 27 vector bundle U\e splits 

27 

W| £ =0£ a (7.162) 

a=l 

The line subbundles L a can be expressed as: 

6 

£« = (g) L?- 4 (7.163) 

i=l 

where u> 0) j, i = 1, . . . , 6, a = 1, . . . , 27 are the components of the weight 
vector. The line bundles Lj, i — 1, . . . , 6 are defined up to the action of 
the Eq Weyl group. Let us now compute the £ a 's. The rational curve 
of degree one in Sq is a rational curve of degree one in CP 3 which is 
contained in ^ A parametrized rational curve of degree one in CP 3 is 
a collection of 4 linear functions: £ i— > X(£), 

X(C) = (X + C^Xi + ( Vl ,X 2 + (v 2 ,X 3 + C^ 3 ) (7.164) 

The two quadruples 

X(C) and (c C + d )x(^) 

for 

^ 6 GL 2 (C) (7.165) 
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define identical curves in CP 3 . We can fix the GL^C) gauge by choos- 
ing the parameter ( so that: 

X(C) = (C, 1, X + (v x , Y + (v Y ) (7.166) 

The requirement that the curve lands in Sq C CP 3 reads as 

3 

T 3 (C, 1, X + (v x , Y + (v Y ) = C2,.(X, Y; v x ,v Y ) = (7.167) 

i=0 

which is a system of 4 equations 

~i(X,Y]vx,VY)=0, z = 0,... ,3 
on 4 unknowns X, Y, Vx,v Y : 
~ = -Y 2 + 4X 3 -g 2 X-g 3 

Si = -g 2 v x + PaXY + Pl X +p + 12X 2 v x - 2Yv Y 

2 2 = P&Yvx + Piv x + P&Xv Y + p 3 X + p 5 Y + p 2 + l2Xv 2 x - v\ 

2 3 = P&v x v Y + p 3 v x + PbV Y + p 4 + iv x 

The equation S = in the above system is the equation of the elliptic 
curve £. To find the equation of the spectral cover associated with the 
vector bundle U\z in the 27 representation we can express v Y from the 
equation Hi = 0, then plug it into the remaining equations S 2 = and 
S3 = 0, compute the resultant of these two polynomials with respect 
to the variable v x , reduce modulo the equation S = defining the 
elliptic curve £, arriving at: 

C E6 (X,Y;g 2 ,g 3 ,Po, - ■ ■ ,Pe) = -4y 4 res„ x (H2| Uy : Hl =o, S 3 |„ r:Sl=0 ) mod E 

(7.168) 

The resultant C Ee (X, Y\ g 2 , g 3 , Pq, . . . , p§) is a polynomial in X, Y with 
polynomial coefficients in g 2 , g3,Po, ■ ■ ■ ,Pe of the form 

C E °(X,Y;g 2 ,g 3 ,p ,...,p 6 ) = 

(^ + ...) + (6^pi + ...)X + --- + (-256p 3 + ...)X 12 

+ (12g 3 p A oP5 + ...)Y + (32g 3 p 4 p 5 + ...)XY + --- + (-256p 3 + . . . )X 12 Y 

(7.169) 

(A short Mathematica version of this formula is given in appendix 



E.l.l ) Now let us imagine having a family U of the ^-bundles on E. 



In our solution the vacuum u of the gauge theory is identified with 
the degree N quasimap: 

p : CP; z) -> Bun £6(c) (£) ~ WP 1 ' 1 ' 1 ' 2 ' 2 ' 2 ' 3 
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given by the polynomials Pi(x) of degree Ncii 

Pi= Pi (x), z = 0,...,6 (7.170) 

Together with the equation of the WeierstraB cubic H (X, Y, g 2 , g-z) = 0, 
the equation 

C E °(X,Y;g 2 ,g 3 ,p (x), . . . ,p 6 (x)) = (7.171) 

defines the Seiberg-Witten curve of the affine Eq theory as an algebraic 
curve. Given that the degree of X on £ is 2 and the degree Y on £ is 3 
the polynomial C E(i is of degree 27, i.e. the equation C Ee = defines 
27 points on the elliptic curve £. 

The top degree coefficients of the polynomials pi{x) are determined 
explicitly in terms of the coupling constants q«. Indeed, the Eq charac- 
ters, or more conveniently in the present case, the E$ theta-functions, 



Ci(]$o,t, q) as set in (C.138), define a set of projective coordinates on 



WP 1 ' 1 ' 1,2 ' 2 ' 2 ' 3 (which differs slightly from the set (xi)i=o) 

(c : Ci : c 6 : c 2 : c 3 : c 5 : c 4 ) (7.172) 
In these coordinates the solution of the theory has the canonical form 



(6.28) 




c^o,t,q)= fk- W ( 7 - 173 ) 



The "del Pezzo projective coordinates" (p«)f =0 are related to the theta- 
function coordinates (cj) on Bun^ g ( C )(£) by a polynomial map of the 
form 

Pi = M iAh,h,h,---}^) c h c h c iz ■ ■ ■ ( 7 - 174 ) 

h<32<h— 

where MiU lt j 2 j(q) is certain modular transformation matrix. This 
matrix can be explicitly computed by comparing the spectral curve 



(7.168) and the A 2 % spectral curve (7.95) specialized to the the em- 
bedding Eq C A 2 e by fundamental representation. The coefficients 
Mi,{ji,j2,j 3) ...} are modular forms for modular group T(6) with a certain 
modular weights that can computed by observation that the weights 
of variables (X , X 1; X 2 , X 3 ) under the modular transformation r — > 
— t -1 on £(q) for q = exp(27rir) are 

(7.175) 

This implies that the modular weights of p^ are 

PO Pi P6 P2 P3 P5 Pi\ (7 , 

-2 -5 -6 -8 -9 -12 1 j 



Xq Xi X 2 X 3 
6 12 3 
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The (q) have modular weight 3 because they are rank 6 lattice theta- 
functions. From this assignment of weights one finds the modular 
weights of all coefficients Muj lt for example M4/4} has modu- 
lar weight 15. The space of modular forms for T(N) of a given weight 
A; is a finite dimensional vector space. (For any integer k > the di- 
mension is k + 1 for r(3) and 6k for T(6)). Matching a finite number 
of the coefficients in the q expansion one finds explicitly the modular 



coefficients Miij lt \(q), see appendix E.2 



7.6.2. Del Pezzo and E 7 bundles. The story for the EV-bundles 
is similar. There is a family of del Pezzo surfaces Sj C WP 1,1 ' 1 ' 2 , 
described by the degree 4 equation 

4 

r 4 (X ,X 1 ,X 2 ,X 3 ) = £x*04-i(*i,*2,*3) (7.177) 

i=0 

with 

g 4 (X 1 ,X 2 ,X 3 ) = -X 2 3 +AX 1 X^-g 2 X 3 1 X 2 -g 3 Xt(Xi-AX 1 X^+g 2 X 2 X 3 1 +g 3 Xt) 

(7.178) 

and 

g 3 (X u X 2 , X 3 ) = p Q Xf + Pl XlX 2 {a x Xl + a 2 A 2 A 2 ) 

g 2 (x 1: x 2 , x 3 ) = Vx x\ + P2 x,x 2 + psXlihxi + b 2 x x x 2 + b 3 xl) 
g 1 (x 1 ,x 2 , x 3 ) = P3 x, + p 5 ^2(ciXx + c 2 x 2 ) 

Go = Pa 

Again, the divisor Xq = is the elliptic curve £, which is realized as a 
zero locus of the degree 4 polynomial equation Q 4 (Xi, X 2 , X 3 ) = in 
WP 1 ' 1 ' 2 . 

The isomorphism classes of S7, containing the fixed elliptic curve 
£, are in one-to-one correspondence with the points 

[p] = (p :p 7 :p 1 :p 2 :p 5 :p 3 :p 5 : p 4 ) G WP 1 ' 1 ' 2 ' 2 ' 2 ' 3 ' 3 ' 4 (7.179) 

Again, we study the "(-l)-curves", which in a particular gauge look like: 

x(C) = (C, 1, X + (v x , Y + (v Y + l -t 2 w Y ) (7.180) 

where (A, Y; Vx, Vy, Wy) obey a system of 5 equations S,(A, Y; Vx, vy, Wy) = 
0, i = 0, ...,4: 



1 4 

r 4 (C, 1, A + (v x , Y + (v Y + -C 2 w Y ) = £ ? ~,(A, Y 



4 

" ' ': '\ v . fy. Wy) 



i=0 



(7.181) 
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where 



~ = -Y 2 + 4X 3 -g 2 Y-g 3 

E 1 =p + Xp 7 + 12X 2 v x - 92Vx - 2Yv Y 

52 = Pi + Xp 2 + X 2 p 6 + p-jVx + l2Xv 2 x —Vy — Yw\ 

5 3 = P3 + Xp b + p 2 V X + 2Xp 6 V X + 4:V X - VyWy 



(7.182) 



w 



^4 = P4 + P$V X + P S V X - 



Y 



We proceed similarly to the Eq case: we solve for v Y and wy from the 
equations Si and H2, plug the solution into the polynomial S3 and S4 
and compute the resultant 

C E *{X,Y ] g 2 ,g 3 ,p ,...,p 7 ) = 

_ 2 y res Vx ("3|t)y,wy:Si i2 =0j ^4\vy,ivy-Si,2=o) mod ^0 (7.183) 

which has the structure of the degree 28 polynomial in X with the 
coefficients polynomial in (po, . . . ,p 7 ) of total degree 12: 

C E ?(X, Y; g 2 , g 3 ,p , ...,p 7 ) = (p 1 2 +2Ag 3 p 1 °p 1 +. . . )+(24<rf P i+- . . )X+ 
+ ■■■ + (2 16 ^ - 2 19 P4 P^6 + 2 20 pIp 2 6 )X 2 * (7.184) 

(A sh ort Mathematica version of this formula is given in appendix 



E.1.2 ) The polynomial C Er (X, Y; g 2 , g 3 ,po{x), ■ ■ ■ ,p 7 (x)) together with 
the Weierstrafi cubic S (X, Y; g 2 ,g 3 ) defines the algebraic Seiberg-Witten 
curve for E 7 quiver theory. Since on the elliptic curve £ the degree of 



X is 2, at each x G Cm the spectral curve (7.184) defines 58 points on 
£ encoding the vector bundle in the 58 representation of E 7 . 

The relation between the del Pezzo parametrization (pi) and the 
theta-function parametrization (q) of Bun^/ C \(£) can be in principle 
written in terms of a certain modular matrix M(q), as in the the Eq 



theory E.2 We do not record this transformation in this work. 



7.6.3. Del Pezzo and Eg bundles. To get an effective descrip- 
tion of Z? 8 -bundles we study the family of del Pezzo surfaces S s C 
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WP 1 ' 1 ' 2 ' 3 : 

^6{Xo, Xi, X 2 , X 3 ) = 

= -Xj + 4X1 - X 2 G 2 (X , X ± ) - G 3 (X , X 1 ) = 

4 

G 2 (X , X l ) = g 2 X\ + ]T ajX^Xt 4 

3=1 

6 

G 3 (X , X,) = g 3 Xf + bjXiX*-* 

3=1 

The isomorphism classes of the del Pezzo surfaces S 8 containing the 
fixed elliptic curve 

Y 2 = 4X 3 - g 2 X - g 3 

are parametrized by: 

[s] = : a 2 : b 2 : a 3 : 6 3 : a 4 : h ■ h ■ h) E WP 1 ' 2 ' 2 ' 3 ' 3 ' 4 ' 4 ' 5 ' 6 (7.185) 

The "-l"-curves in Ss are described by the parametrizations x(£) = 

(C, 1,X+(v x +\C 2 wx,Y+(vy+IC 2 wy+IC 3 u y ), where (X, Y, vx, vy, wx, wy, uy) 

to be found from the equations 

Si(F,F,W X ,Wy,W X ,W Y ,My) = 0, 2 = 0,..., 6 (7.186) 

where 

T 6 (C, 1, X + (v x + Y + (v Y + l -c 2 w Y + ^cV) = 

6 

= ^ C*S i (X, Y, v x ,vy,wx,wy, u y ) 

i=0 

To find explicitly the equation of affine E$ spectral curve, one shall 
proceed in spirit similarly to the Eq,Ej cases considered above. How- 
ever the explicit computation becomes much more tedious as the mini- 
mal representation of Eg is 248, and the expected x-degree of the curve 
is QON (see below). We leave this task for future investigation. 



CHAPTER 8 



The integrable systems of monopoles and instantons 

As we reviewed above, the M = 2 gauge theory compactified on 
a circle S 1 becomes, at low energy, the M = 4 supersymmetric sigma 
model with the hyperkabler target space The triplet of complex 
structures on ^} is in correspondence with the choices of a supercharge 
Q, which is nilpotent up to an infinitesimal translation along S 1 . The 
one supercharge which is nilpotent even in the decompactified theory 
(it corresponds to the topological supercharge of the Donaldson theory, 
for pure M = 2 super- Yang-Mills theory) corresponds to the complex 
structure I. In this complex structure ^3 has the structure of an alge- 
braic integrable system (^3, Q, h): 

h-.y — >wi, n\ h -i (u) = o, u e m (8.i) 

The I-holomorphic (2, 0) form Q is the form which we previously de- 
noted by flj. 

We shall now describe these systems for the class I, II and II* 
theories we studied so far. For some theories several presentations of 
the same integrable system are possible. 

In all cases we study the phase spaces ^ have parameters corre- 
sponding to the masses m of the matter field in the gauge theory. The 
cohomology class of [Q] is linear in m. An explanation of this fact in 
the symplectic geometry is the existence of a "larger" symplectic man- 
ifold *}3 cxt with the holomorphic Hamiltonian torus T = (C X ) A/ action, 
whose holomorphic symplectic quotient of *}3 cxt at some level m of the 
moment map produces 

The explanation in gauge theory is the three dimensional mirror 
symmetry. Our phase space ^ is the Coulomb branch of the three 
dimensional M = 4 gauge theory, obtained by the S 1 compactification 
of the four dimensional M = 2 theory. The masses of the matter 
fields are the vacuum expectation values of the scalars in the vector 
multiplet. Under the three dimensional mirror symmetry |117j these 
are exchanged with the Fayet-Illiopoulos terms, which are the levels of 
the three moment maps in the hyperkahler quotient construction jl 18] 
of the Higgs branch of the mirror theory. 
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8.1. PERIODIC MONOPOLES AND THE PHASE SPACE OF CLASS I THEORIES 

It is amusing to identify <p cxt and the action of the torus in the 
examples below. We shall treat the case of the class II theories in some 
detail, leaving other examples to the interested reader. 



8.1. Periodic Monopoles and the phase space of Class I 

theories 

We shall now demonstrate that for the class I theories the phase 
space *p is the moduli space of the charge v G-monopoles on IR 2 x S 1 
with Dirac singularities, whose location and the embedding of the Dirac 
[/(l)-monopoles into G is parametrized by w and the masses m^f. 

Let us discuss the monopole moduli space in more detail. 

The ordinary G-monopoles are the solutions of Bogomolny equation 
on IR 3 : 

D A (j) + *F A = (8.2) 

with finite L 2 -energy: 

E(A,(f>)= [ (F A ,*F A ) + (D A <P,*D A <j)) (8.3) 

One shows that as x — > oo, the conjugacy class of (j){x) approaches 
a fixed value. Equivalently, <p{x) — > g~ l {x) (j)^ g(x), for some fixed 
<Poo £ ()r, the Cartan subalgebra of the maximal compact subgroup G. 
Actually, (f)^ £ i)M./W(o), but, since S 2 ^ is simply connected, one can 
choose a uniform representative (fi^ £ f) R . This lift from t)M./W(g) to 
()r is going to be trickier in the case of periodic monopoles we shall 
study below. 

Suppose 0oo is generic, i.e. the only gauge transformations which 
commute with it belong to the normalizer N(T) of a maximal torus T. 
The restriction of onto a two-sphere S 2 ^ of a very large radius defines 
a map: 

if : §L — ► G/T (8.4) 

and a T-subbundle T of the trivial G-bundle P = G x S 2 ^. The latter 
is characterized by its Chern classes, which can be also identified with 
the class [ip] of if in 

7r 2 (C7/T)^7r 1 (T)^Q v , 
also known as the magnetic charges of the monopole solution. The 



magnetic charge can also be read off the solution of (8.2) by projecting 
the curvature F A to the Cartan subalgebra f) defined by , and by 
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taking the corresponding integrals: 

1 
2vri 



m 



15) 



Now let us compactify one of the spatial directions, i.e. replace M. 3 by 
M 3 = S 1 x 1R 2 . Let t/> G [0, 2tt) be the angular coordinate on S 1 and let 
x = X\ + i^2 be the complex coordinate on IR 2 . Let us normalize the 
metric on M 3 so that the circumference of S 1 is equal to one. 

Consider the complex connection in the S 1 direction (we use the 
physical convention where A is represented by Hermitian matrices, i.e. 
by a real- valued one-form for the U(l) gauge group): 



V = + iA 



(8.6) 



The Eq. (8.2 ) implies that the x- variation of V is an infinitesimal gauge 
transformation: 

«9 2 .V + [A,,V] = (8.7) 

Therefore, the conjugacy class of the holonomy g(x, x) of V around S 1 
varies holomorphically with x, and, in the gauge where g(x,x) G T, it 
is locally holomorphic: 

»2tt 



[<?(*)] 



Pexp 



idif) (A^(ij;, x, x) + i0(^, x, x)) 



As we shall clarify later, when x — > oo, 



i=l 



One is left with the quasimap u 



(x) 



G £? ad ( ) . 



— > £> a d($j). It is instructive to 



calculate (8.8) for the Dirac monopole on M 3 . 

Recall that the Dirac monopole at p G M 3 is the connection in the 
U(l) bundle over M 3 \p, which is a pullback of the constant curvature 
connection on the Hopf bundle over S 2 via the projection map 



r — p 



\f — p\ 

The corresponding curvature two-form F is given by: 

i (x — p) ■ dx x dx 



\x — p\- 



where 



w 2 
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The fact that up to the \ f— p\ 2 rescaling the two-form 1U2 coincides with 
the volume form on § 2 obtained from the flat metric on IR 3 implies that 
F solves Maxwell equations in IR 3 \p and moreover there is a magnetic 
potential 0, such that 

dcj) + * 3 F = 

Moreover, if <p is normalized to approach zero at infinity, then 

0=-^^ (8-9) 
2|r — p\ 

The periodic Dirac monopole, i.e. the solution of Maxwell equations 
on M 3 \p = (ip , Xq, Xq) can be obtained from the basic monopole in IR 3 
by taking the superposition of the fields of an infinite periodic array of 

monopoles, living on the universal cover M 3 \p = M. 3 \(tfjQ + 2nZ, Xq, Xq). 
The magnetic potential is given by the regularized sum of potentials 
@: 

log(vr) - 7 



0(V>,x,x;p) = 0oo + 



2vr 



^ ( ip(ip -ipo~ 2vm, x - Xq) 

1 



1 - jnj 
47r\n\ 



.10) 



We calculate: 



If*".,. , 1 



<f>(ip,x,x;p)dt/j = 0oo + — log|x - x \ (8.11) 

Z7T /n ZTX 





The calculation of 

f27T 



A i) (ip,x,x;p)dijj 
is a bit tricky. Fortunately its derivative is easy to compute: 

d I A^{ip, x, x;p)dijj = (b F = 



s 1 



{x — XQ^jdx — {x — x^dx 
4 f^o ^" (|x-x | 2 +(^-^o + 27rn) 2 ) 3/2 " (8.12) 



i r 27T 



Thus 



-tZ log - — — 
2 V x — Xq 



d (j) (A^p + \(f))dip = idlog(x — xq) 
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and the monodromy is equal to 

g(x) = (x - xo)- 1 (8.13) 

up to some multiplicative constant. Now, if we have a superposition 
of several Dirac monopoles, in the theory with the gauge group T, 
with the monopoles of the type i, i.e. corresponding to the coweight 
G Hom([/(l), T) located at the points (ipij, m^f, TTtjj), then the mon- 
odromy of the corresponding complexified connection A + itpdip is equal 
to: 

r Wi 

g(x) oc YlY[{x-m i>f )- x * (8.14) 

8=1 f=l 

Now let us consider the nonabelian Bogomolny equation on M 3 . In- 



stead of solving the Eq. (8.2) modulo G-gauge transformations, let us 



solve two out of three equations in (8.2), namely the equation 



[As,V] = (8.15) 
modulo the action of the group Q of G-valued (complex) gauge trans- 



formations. In fact, (8.15) can be viewed as the complex moment map 
for Q c , acting on the space of (A, $), endowed with the Q -invariant 
holomorphic symplectic form: 

ft = — / (5V A 5 A*) dipdxdx (8.16) 
2vr J M 3 



Let us now try to analyze the solutions to (8.15) in some domain D x 
S 1 C M 3 over D C C^). We fix the G-gauge where A^+i(j) — £(x,x), 
= 0- This gauge leaves some residual gauge freedom. Passing to 

g(x) = exp27ri£(a;) 



partially reduces the residual gauge invariance. The Eq. (8.15) implies 
that d s £, = 0, and = % € I}- We then proceed with constructing the 
cameral curve C u which is the union of the W / (g)-orbits of g(x) over all 
x E CP/ X \ = C( x ) U {oo}. The fiber A u of the projection h : *p — > SOT is 
the space of W (g)-equivariant T-bundles over C u of fixed multi-degree. 
We shall discuss in more detail the analogous situation for the class II 
theories in the next section. 



The asymptotics of the solution to (8.2) is characterized by a vector 
of magnetic charges. Namely, over = S 1 x where is a large 
radius circle in IR 2 , the gauge group G is broken down to T. The gauge 
bundle is therefore characterized by the vector of the first Chern classes: 

m eH 2 (Tl, vr 1 (T)) = Q v (8.17) 
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One can compute m by analyzing the behavior of the conjugacy class 
of the holonomy g(x) of the complexified connection V. One can show 



that the finite energy (8.3) solutions with non-trivial magnetic charge 
do not exist. Indeed, macroscopically the system looks two dimen- 
sional, and asymptotically it looks like a charged vortex, whose energy 
diverges logarithmically at large distances. 

However, infinite 3-dimensional energy solutions may correspond to 
the finite tension higher dimensional objects. For example, the non- 
commutative £7(1) monopole describes a finite tension string, which is 
attached to the worldvolume of the gauge theory |119] . Similarly, the 
infinite energy periodic monopole solutions have interpretation in the 
higher dimensional theory, e.g. in the brane realization [10] of the pure 
M = 2 SU(N) gauge theory in four dimensions |50| . 

One can actually make the energy finite in the infrared by allowing 
point-like singularities in M 3 . The idea is to screen the asymptotic 
magnetic charge of the non-abelian solution by the opposite charge of 
the Dirac monopole singularities. 

Let us study the general situation. Suppose 7 C C^j is a closed 
contour. For each point x G 7 compute the holonomy g(x,x) of the 
complexified connection V, e.g. starting at the point ip = on the 
fiber S 1 . It is a functional of the gauge field A and the Higgs field 0: 
(A, (f) 1— >■ g(x, x). The gauge transformed (A, 0) leads to the similarity- 
transformed function g(x,x): (A h ,<j) h ) i-> /i -1 (0, x, x)g(x, x)h(0, x, x). 
We have a well-defined map: 

\g ] : 7 _^ B(g) (8.18) 



which is a restriction on 7 of the holomorphic (cf. (8.15)) map U 



\ x) -> £ ad ( ), U : x ^ [g(x)\. 

Now let E(g) C £> ad (g) denote the set of irregular orbits of W(g) in 
T/Z. Generically the image S u of [g(x)\ crosses H(g) at some isolated 
points, which are the branch points of the cameral curve C u : 

Let us consider the subvariety B(g) reg = B a( ^ ($j)\S($j) . The fun- 
damental group TTi(B(Q) reg ) is related to Artin braid group associated 
with the root system. Let us also define T re9 to be the subvariety in 
T consisting of the regular elements, i.e. the elements of the maximal 
torus whose stabilizer in G is the maximal torus T. It is invariant under 
the translations by Z. We have a map: 7r* : 7r 1 (T re5 ') — > 7r 1 (£>($j) r ' e9 ), 
induced by the projection vr : T re ° ->■ T re <J/(Z x W(q)). 
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Now, let us go back to the loop 7. We would like to define a T- 
bundle over S 1 x 7, by choosing a gauge where + i0 is -^-independent 
element of the Lie algebra f) C g. Then Bogomolny equations imply 
that A x also belongs to f), assuming that A$ + i<p is regular, i.e. its 
stabilizer in G is the maximal torus T. 

There is an obstruction for such a gauge being possible throughout 
7. Namely the class of 7 in ni(B(Q) re9 ) should lie in the image of 7T*. 
This is related to our solution of the four dimensional M = 2 theory of 
the class I as follows. 

For the asymptotically conformal theories, with the assignments of 
dimensions v, w, we have defined a G/Z- valued function on C( x ) minus 
a finite number of points: 

r 

g(x) = nnx)-^u^r r (8.19) 

i=l 



We identify g(x) in (8.19) with the holonomy in (8.8). The factor 



i=l 

clearly corresponds to the Dirac monopoles sitting at some points 
tyi,f,Tnif,fhit) with the charges A/. The remaining factor has to do 
with the nonabelian monopoles. 

Recall that the map U : C/ X \\E X — > B(q) is determined by the 
collection of gauge polynomials Tj(x), i = 1, . . . , r. The singular locus 
Ha of U are at the zeroes and poles of the discriminant 

A(x) = g(x)- 2 » J] (g(xr - l) 2 (8.20) 
where R + is the set of positive roots of q, and 

The discriminant A(x) is a rational function in T,(x)'s and Tj(a;)'s. 
Now, given a loop 7 in C/ X \\S X , when can we lift [sf(a?)]| 7 to the T- 
valued loop? 

For the simple root a« let us denote by H x i the set of solutions to 
the equation g(x) at = 1 on the physical sheet of C u . 

E x<i = {x\g(xr = 1} (8.21) 

so that 
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Actually the points of are the endpoints of the cuts 7j )a . 

Our claim is that for the loops 7 = Ai a which encircle the individual 
cuts I i a the class [g(x)\ E B(g) reg lifts to T re9 , and defines a T-bundle 
over S 1 x 7. Its characteristic class is equal to a( G Q v . 

Thus the magnetic monopoles which correspond to the limit shape 
of the M = 2 theory have the Dirac monopole charges qDir = — SI=i 
which are distributed at the points (^j «, m^, my), and the nonabelian 
monopole charges q/ t HP = YH=i v i a i which are located over the cuts 
lj >a . The net charge at infinity is equal to 

qDir + q'tHP = (8.23) 

for the asymptotically conformal theories. 

For the asymptotically free theories the net charge at infinity is 



v 



equal to (cf. (3.1 )): 



q Dir + q'tHP = ~Y, & V ( 8 - 24 ) 

i=i 

The fact that < should follow from the positivity of energy (as it 
does in the A\ case) but we couldn't find a simple proof for general G. 

The relation of the monopole picture of ^3 to the Hitchin system 
picture we had in the section 7.1. 1| goes via the Nahm transform, or, 



since we are ultimately working only in a particular complex structure 
of the moduli space, via a version of Fourier-Mukai transform. The 
U(k) monopoles on IR 3 are mapped via Nahm's transform to the so- 
lutions of a one-dimensional system of Nahm's equations. The U(k) 
monopoles on IR 2 x § are mapped via Nahm's transform to the solutions 
of a two-dimensional system of Hitchin's equations, with singularities. 



Indeed, our spectral curve in the form (7.123) captures the solutions 
to two, 8a& = 0, out of three Hitchin's equations. The remain- 
ing equation F4 + [$,$]= away from the punctures would fix the 
hyperkahler metric on Unfortunately we are not in the position to 
discuss the metric on ^ as long as we stay within the realm of the four 
dimensional gauge theory. See [120-123J. 

We do need to discuss the holomorphic symplectic geometry of 



The symplectic form on descends from the two-form (8.16) via the 



Hamiltonian reduction with (8.15) being the moment map. The text- 
book construction of the action-angle variables of the integrable system 
produces the special coordinates a 1 , a® of the gauge theory. We claim 
this construction is equivalent to the one using the periods of the dif- 
ferentials xdlog^i on the cameral curve. The essential points of the 
demonstration are identical for the class I and for the class II theories. 



We thus return to this question in the section 8.2 



8.1. PERIODIC MONOPOLES AND THE PHASE SPACE OF CLASS I THEORIES 

Now let us study the A\ case in some more detail. We wish to 
present yet another perspective on the phase space 

Consider the product of iV A\ surfaces O a , a = 1, . . . , N , the com- 
plex coadjoint orbits of SX(2,C). Each surface Oi is a quadric in C 3 , 
given by the equation: 

£a + Vl + C = s 2 a (8.25) 

with some fixed constant s a G C. The surface O a has the holomorphic 
symplectic form: 

d£ a A dri a 

= -Z 

which has the period s a along a non-contractible two-sphere in O a . 
The moment map for the action of SL(2, C) on O a is a 2 x 2 traceless 
matrix. Let us extend it into a general 2x2 matrix (which corresponds 
to the conformal extension of the group): 

l ^=(-; + 4 (s - 26) 

and define the "monodromy matrix" 
L(x) = J J x L N (x - /iAr)LAr_i(a; - /4;v-i) ■ ■ ■ L x (x - fix) (8.27) 

It is actually better to work with the somewhat differently normalized 
"local Lax operators": 

9a(x) = l 2 + — K 5) (8-28) 
x - s a \v a u a I 



where 
obey 

and define 

'q 

o : 

Then, cf. [103] : 



«>--v>; = (8.29) 



g{x) = (JJ 1 ) x g N (x-n N )g N -x(x-fJ.N-i)---9i(x-Hi) (8-30) 



DetO/Cx)) = (8.31) 

where we defined 

v 



3^ fr) = IJ^-^aiSa) 



a=l 
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Now, define the phase space to be the complex symplectic quotient of 
the product of the A\ surfaces by the diagonal action of the C x , 

¥= xf =1 O a //C x (8.32) 

generated by 

N 



a=l 



The variety (8.32), defined by fixing the level £ of Hi and dividing the 
corresponding level set H^ 1 ^) by C x , carries the induced holomorphic 
symplectic structure. The functions hk defined as: 

tr 2 g(x) = (1 + q) ^1 + £ *~ k hk j (8.33) 
Poisson-commute with respect to the induced Poisson structure. More- 



hi = Hi + s a 
q + 1 ^— ' 



q 

and the next N — 1 h^s are independent. The rest of the expansion 
coefficients can be expressed in terms of the first N. 

We argue that the normalized Lax operator g(x) is the complexified 
monodromy field g(x) in the corresponding periodic singular monopole 
problem, with the monopole group U(2) (the compact form of CG) 
and fi a ± s a are the locations of 2N Dirac monopoles. 

It is not difficult to convince oneself that the "local Lax operator" 



(8.28) is indeed the complexified monodromy of a single U(2) monopole 
screened by two Dirac monopoles of the opposite U(l) charges, located 
at ±s ffl . 



What is amusing is that the Eq. (8.30) suggests that the com- 
plexified monodromy of the charge iV U(2) monopole screened by 2N 
Dirac monopoles factorizes as the product of N elementary monodromy 
matrices. 

Note in passing that if we do not perform the reduction with respect 
to C x generated by Hi, i.e. work with the 2iV-dimensional phase space 
*P (this is a first step towards the extended phase space *p ext ), then 
Sklyanin's separation of variables [3U EI] identifies its open subset 
with the iV'th symmetric product of (which is most likely [124 J resolved 
into the Hilbert scheme of iV points on) C/ x \ x C( t ) X . Incidentally [125J, 
this manifold is symplectomorphic to the moduli space of regular charge 
N SU{2) monopoles on 1R 3 . 
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In recent years the connection between the gauge theories and the 
spin chains, and the inspired duality between the Gaudin-like inte- 
grable systems and the Heisenberg spin chain was discussed in [126— 
IT29] . building on the earlier work in |2H EDI fT30Hl32] . 

Before concluding this section, note that the masses of the bi- 
fundamental matter hypermultiplets are encoded in the next-to-leading 
terms in the asymptotics of the complexified connection + i<p near 
x — > oo. We shall explain this in more detail in the similar context in 
the section 1872! 

The moduli space of singular G-monopoles with fixed conjugacy 
class of the monodromy of A^ + icf) at x — > oo, with unspecified location 
of Dirac singularities of specified charges defines our extended phase 
space *p ext . It is acted upon by the torus TxTm, where Tm C Gm is the 
maximal torus of the flavor group. The action of T is via the constant 
gauge transformations preserving the gauge field and the Higgs field 
at infinity, while Tm acts by changing the glueing data for the grafted 
Dirac monopoles. Fixing the level of the corresponding moment maps 
and reducing with respect to the complexification of the T x Tm action 
produces 

Summarizing, we conclude with the conjecture: the moduli space 
of singular G-monopoles on IR 2 x S 1 is acted upon by the Poisson- 
Lie group, which is a quasi- classical limit of the Yangian Y(g q ). The 
deformation quantization o/*p cxt (in the complex structure I) produces 
the Yangian Y(q). Fixing the asymptotics of the complexified gauge 
field at infinity as well as the locations of the Dirac singularities would 
specify. It should be interesting to explore the holomorphic symplectic 
geometry of in all of its complex structures and find the analogue of 
the variety of opers (cf. [601 1133| ). which in the A r case is the variety 
of local systems on the genus zero curve coming from the iV'th order 
differential operators with regular singularities at r + 3 punctures with 
the monodromies whose eigenvalues coincide with our description of 
the residues of the Higgs field just above the Eq. (7.23) (cf. [134J). 

Note that in |135j a connection between the representation theory 
of Yangians and the moduli spaces of monopoles on IR 3 was found. 
Also, in [136], H37| the relations between the monopole solutions and 
the solutions to the Yang-Baxter equations were discussed. It remains 
to be seen, whether any of these connections carries over to the IR 2 x S 1 
case and whether it is the one we need. 

What happens if one tries to study periodic G-monopoles where 
G is Kac-Moody affine group? One naturally finds double periodic 
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instantons similar to relation between G-monopoles and periodic G 
instantons 11381. 



8.2. Double-periodic instantons and Class II theories 

Let us now discuss the class II theories. Recall from the section 16.2.21 



that an elliptic curve £ = C x /q , with q given by 6.24, is associated 
with the class II gauge theory. Also recall that the gauge group is the 
product of special unitary groups 

G g = x[ =0 SU(Nai) 



for some number N. Using (6.28) we have identified the extended 



moduli space QJT^ of vacua of the theory (4.7), dimcnjt^* = Nh 



with the moduli space of degree N framed quasimaps of (C¥/ x \, oo) to 
the moduli space Bunc(£) of holomorphic G-bundles on £, sending oo 
to a particular bundle [Px]- This space of quasimaps is a natural base 
of the projection from the moduli space 

<T% « Bun s G V(S £ )S (8.34) 

of framed semi-stable holomorphic principal G-bundles V, C2(V) = N, 
on the surface Sg = CPLv x £, where the framing is the identification 
of the restriction of V at the fiber at infinity: 



V 



« V q (8.35) 

{oo}x£ 



In what follows we drop the subscript N. 

The projection ^3 cxt — > SP r t ext is defined on the open dense sub- 
set of <p ext by restricting the bundle V G *}3 cxt to the fiber £ x and 
taking its equivalence class t(x) = [P\e, x ] in Bunc(£)- This gives 
the desired quasimap U : x i— > t(x). This quasimap is a map near 
x = oo, approaching a particular holomorphic bundle [Vq] G Bunc(£) 
over £oo = {oo} x £. The reason U is not, in general, a map, has 
to do with the usual difference between the stability condition in two 
complex dimensions and the fiberwise stability condition, cf. |75j . 

The semi-stable framed holomorphic principal bundles V on Sg, are 
in one-to-one correspondence with the G-instantons on IR 2 x T 2 with 
the flat metric (cf. [139J), i.e. connections on a principal G-bundle P 
over § 2 x T 2 , endowed with some metric, which is conformally flat on 



d2 



X 



T 2 , which obey 



*F A 
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and have finite action, 



/ (F A A *F a ) < oo 

JR 2 xT 2 



(as we explain later, these instantons correspond to the M2 branes and 
the instanton action is the tension of the stack of M2 branes) and this 
forces the curvature Fa of the G-gauge field tend to zero as \x\— > oo, 
x G IR 2 . We fix the instanton charge: 

N =-^Az f (FaAF a ) (8.36) 



R 2 xT 2 



(remember that (, ) is the Killing form, which is the trace in the adjoint 
representation). The real dimension of the moduli space *p ext of G- 
instantons of finite action on M 2 x T 2 with fixed framing at infinity 
is equal to ANh. 

Actually, there is a subtlety here. The moduli space of charge iV 
G-instantons on M 2 x T may have several components. This has to 
do with the fact that the moduli space of flat G-connections on T 3 = 

x T 2 may have several components |140| . We shall assume we are 
always in the component of the trivial connection. 

Note that *p ext is acted upon by the maximal torus T of G, the 
symmetry group of the flat connection at infinity. This action lifts 
to the action of the algebraic torus T on the moduli space of framed 
holomorphic bundles *}3 ext . This is entirely parallel to the action of the 
group G on the moduli space S0Tg, amed (]R 4 ) of framed G-instantons on 
IR 4 . 

A holomorphic principal G-bundle V on can be described using 
the transition functions g a p : U a p — > G defined on the overlaps U a p = 
U a n Up of the open sets in the appropriate open cover (U a ) ae A of 
S*£. The transition functions are holomorphic dg a p = 0, must obey 
the cocycle condition gapg^g^a = 1 on U a ^ = U a nUpnU 7 , and the 
cocycles differing by the holomorphic coboundaries define equivalent 
bundles: 

9aP ~ QaQapg^ 1 

where g a : U a — > G are holomorphic G-valued functions on the open 
sets U a themselves. 

Another way to describe the holomorphic bundle is to introduce a 
connection V = d + A on a smooth bundle, such that its (0, l)-part is 
(0, 2)-flat: 

V| = (8.37) 

The local holomorphic sections of V a = V\y a are the solutions to 
VgS a = 0. Over an intersection U a p these solutions must differ by 
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a holomorphic G-valued gauge transformation: 

where ( stand for local holomorphic coordinates. This is sometimes 
expressed by saying that locally A is a pure G-gauge 



.4 



-sjdsr 



, x \ and z is the 



In the case at hand ( = (x,z), where x G C/ x \ C 
additive coordinate on £. The Eq. (8.37) reads: 

d- x A- z - B- Z A X + [A x , A,} = (8.38) 

This equation can be viewed as the complex moment map equation 
for the action of the group Q of the G-gauge transformations on the 
space A of connections on a given smooth principal G-bundle over Sg, 
endowed with the holomorphic symplectic form: 



n 



dx Adz A (5 A A 5 A) 



(8.39) 



We have a little subtlety here. The two-form dxAdz was perfectly good 
on 5*£ but on Sg is has a pole along the divisor = {00} x £. We 
impose the condition that A z approaches a specific value as x — > 00. 



More specifically, recall (CI 13) that generic A z can be ^-transformed 
to the normal form A z — > ^z=£, G f) ; d z £ = = 0. We impose the 
boundary conditions: 



27ri 



-£,00 + 0(\x\ 



\x — > 00 



T 



for fixed ^oo, which we relate to the gauge couplings qj 
via: 



0,1, 



£00 = - — Vlogqi A. 

Z7T1 z — ' 

i=l 



140) 



(8.4r 



The limiting gauge field d z + ^r^£oo corresponds to the holomorphic 



bundle V~„ on £. The decay rate (8.40) makes the integral (8.39) con- 



vergent. One can impose weaker conditions, allowing even the 0(x l ) 
(but no x~ x x~ x terms!) decay, which would make (8.39) convergent 



with the principal value prescription. In fact, these subleading terms 
correspond to the bi-fundamental masses of the G g -theory. Let us in- 
terpret them using the T-action on *}3 cxt . 

The constant T-gauge transformation with the parameter £ G I) 
acts on the (0, l)-gauge field A as follows: 

6A=[e,A] + V 3 r ]e (8.42) 
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where rj e (x,x, z, z) is the compensating gauge transformation which 
sufficiently fast decays at x — > oo. Contracting the vector field (8.42) 



with f2 in (8.39) gives us a closed one-form Sm e on the space of con- 
nections obeying (8.38), where m e is linear in e, m £ = (e, m) for some 
mGf): 



5m F 



dxAdzA(([e,A] + Vgq e )5A)= / dx A dz A d (e, 5 A) 



dx 



d 2 zA- ; 



(8.43) 

Thus the moment map m for the T action is the residue at x = oo of 
the zero mode of the f)-projection of the A 2 gauge field. The analogous 



statement holds for the monopoles of the section 8.1 



Now let us solve (8.38) locally over some domain D in C/ x \. We 
choose the gauge (C.113) over each point x G D: 

2<7ri 

Az(z, z; x,x) — > -£(x,x)et) (8.44) 



If oo G -D, then, using ( |8.43[ ), in the gauge ( |8.44[ ): 
^(x, x 



m 

X \~ ■ ■ ■ 1 



x — > OO 



X 



(8.45) 



where m G f) is a linear function of the bi-fundamental masses (m e ) ee Edge 
Recall that G is a simple simply-connected Lie group. Therefore, 
the restriction V\z x is trivial as a smooth G-bundle. Therefore A is just 
a g-valued (0, l)-form on D x £. Now let us decompose A s = a s + W^, 
with % G f) and W s e f) 1 C g, the orthogonal decomposition being 
provided by the Killing form (•, •). Then (8.38) implies: B^(x,x) = 0, 



equation 



dzO>x — 0, Wx = 0, the latter equation being valid for generic £(x) 
corresponding to the irreducible bundles on £. Indeed, the F 0,2 
.38) splits in g = h © I) -1 as follows: 

F°' 2 L = 3d 



o 



d*a s 







?0,2 1 



2ni 

B,w s + — -[t,w x 



o 



.46) 



For generic £ G f) (irreducible ad(P)- L ) the fj^-equation (8.46) does not 
have non-zero solutions, hence W x = 0. As for the f)-equation (8.46) in 
our gauge its solution is: 

a x (x, x, z, z) = a x °\x, x, z) + zd x ^(x, x) 

Since onDx£ the connection form A s dz + a x dx is simply an f)-valued 
(0, l)-form the component ) must be ^-periodic. This is 
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only possible if dx£(x,x) = 0, which also implies dx(x, x, z, z) is z- 
independent. 



Of course, (8.44) is not the complete gauge fixing: there remain the 



^-independent T- valued gauge transformations and the ^(^-transformations 



(C.114), which combine into the locally ^-constant iV(T)-gauge trans- 
formations. There are also the shifts ( |C.115 ) by the lattice Q x 



rQ v , generated by the (z, z)-dependent T- valued gauge transforma- 
tions with discrete, as far as the (x, x)-dependence is concerned, pa- 
rameters 0i, (3 2 G Q v - Let us expand: 

r 

£(*) = 5>(*K V ( 8 - 47 ) 
i=i 

The residual shifts act on the components £j(x) by 

>-> &{x) + Pi ti + (3 2 ,iT, i = 1, . . . , r + 1 
where pi^, 02,i G ^> f° r i — 1, . . . ,r are the expansion coefficients: 

r 

Pa = ^0^0%, A = 1,2 (8.48) 

i=l 

Let t(x) = (U(x) = e 2 ^ x) ) r . =l G (C x ) r and [t(x)] G £ r be the equiv- 
alence classes for the actions of the lattices Q v and Q v © tQ v , respec- 
tively. 

Thus, dividing by all but the locally ^-independent iV(T)-gauge 
transformations we arrive at the collection of r points on £, or, in a 
more sophisticated fashion, a point [t(x)} in £ <g> Q, in addition to the 
h-valued gauge field a s (x,x)dx. This is all done over the generic point 
x G CPm. We haven't completely fixed the gauge, though. 

Let us forget for a moment about the gauge field 

a = a s (x, x)dx (8.49) 

Then we'd divide by the action W(q), giving as back the point [PIeJ in 
the orbispace Bunc(£) = £<S>Q/VT(fl), the holomorphic G-bundle on £ 
whose holomorphic structure is given by d s + ^r^^(x). The (quasi)map 
U : x i-> U (x) = [Vx] is point u G 9JT xt in the extended moduli space 
of the four dimensional class II gauge theory. 

The considerations similar to those in |88j show that the instanton 
charge C2{V) = N bundles on Sg correspond to the degree N quasimaps 
u : CP| X ,^ Bunc(£)- This is of course in line with the original obser- 
vations on the relations between the sigma model and gauge instantons 
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By following the whole W / (g)-orbit of [t(x)\ in £ r as x varies we 
obtain the curve C n , which is a ramified VT(g)-cover of CP/ x v. The 
fiber of the projection Q u — > CP^ over a point x is the orbit 

W{q) ■ [t{x)\ c £ ® Q 

This leads us to the obscured curve which we have encountered earlier 
in our solution of the gauge theory using the limit shape equations. 

Now, as in our prior discussion of Hitchin systems, let us recall the 
gauge field a in (8.49). It looks like the h- valued one-form on CP^, 



since it is locally z-independent, and therefore might be a (0, 1) part of 
a T-connection, defining a holomorpic T-bundle over C¥, x y However, 
we have worth of choices for d+a at any particular point x since 

the residual (0)-symmetry acts both on [t(x)] and a. This means 
that a becomes well-defined when lifted to C u . The way it transforms 
under the W / (g)-action permuting the sheets of the cover Q u — > CP^ 
makes it into the iy($j)-equivariant gauge field on C u , defining a W(q)- 
equivariant holomorphic T-bundle T over Q u : 

7 G A u = Bun T (e M ) H/(9) « Hoimy (g) (A, Pic(C u )) , (8.50) 

the idea of the last equality is that every weight A G A = Hom(T, C x ) 
defines a C x -bundle T A on G u , in the H^(g)-compatible fashion. 

Of course this discussion is not adequate at the branch points, yet 
hopefully it can be extended similarly to other constructions of spectral 
covers [65J, [66J. In particular, the analysis near the branch points 
should demonstrate that the bundle T has a fixed topological type, 
which we shall not attempt to determine in this paper. 



We conjecture that (8.50) is the fiber of the projection ix : ^ cxt — >■ 
9JT ext , sending the extended moduli space of vacua of the class II gauge 
theory on IR 3 x S 1 to that of the infinite volume four dimensional gauge 
theory. Since the projection V \- > U is roughly of the form (A s , A z ) i— > 



A 2 , it is Lagrangian with respect to (8.39). This is in agreement with 
dime ^3 ext = 2 dime 9Jt cxt = 2Nh. From now on we fix the masses, 
divide by the global T-action and work with ^ and 

Thus the study of holomorphic bundles on 5s brought us the fol- 
lowing picture: over each point x G CP^ we hang the iy(0)-orbit of 
[t(x)] in £ £g> Q. As a;-varies, so does the orbit, spanning a curve Q u in 
CP/jA x £ <g)Q, which projects down to CF, x y However C u is not yet the 
cameral curve C u . It is however relatively straightforward to lift G u to 
C u using the abelianized determinant line bundle over £ r we discussed 
in the section 16.41 
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Now let us discuss the period map. The moduli space ^3 carries 



the holomorphic symplectic structure f2 which descends from (8.39). 
From the complexified text books on classical mechanics we learn 
we reviewed in section 4.4 that choosing some basis Ax,B x 



as 
in the 



integral homology Hx(A u ,1i) lattice, such that the cup product of the 



basis vectors obeys (4.18) and then defining a , cij using (4.16), (4.17) 



one verifies (4.19). It remains to compare this definition of the special 
coordinates with the periods of the differentials xd\og^i(x). 

Let us work in the domain |qi|<C 1. The cycles Ax and B x which 
we defined (cf. Figs. 5.1, 5.3) on the cameral curve C u define the 
corresponding one-cycles on G u = C u /Q v and consequently on A u . 

Now let us compute the symplectic form Q on the reduced phase 
space Using that in our gauge 



d 2 zA 2 (x, x) = £(x) 



we obtain 



n 



d 2 x (Sa s A 5£) 



\W(Q\ 



(Sa A Sip) 



(8.51) 



where we denoted by a the iy($j-equivariant T-gauge field on Q u and 
by S(p an h-valued, lU(g)-equivariant (l,0)-form on C u , given by 

Sip = xS^ 

It is now easy to pin down the periods of dS among the periods of Sip. 
One uses the cycles in A u where the monodromy of the gauge field a 
along the cycle Ax or B x changes by 2ti. 

To conclude this section, in parallel with the class I story we con- 
jecture, that the theories of class II lead to the representation theory 
of the Yangians built on the Kac-Moody algebras, i.e. the toroidal al- 
gebras. It would be nice to see whether the Kac-Moody symmetry of 
instanton moduli spaces |142[ 1143) leads to the quasi-classical limit of 
the Yangian action, at the level of the phase space <p cxt symmetry. 

8.3. Noncommutative instantons and Class II* theories 

In this subsection we show that the data tAx) with the cross-cut 



transformations (5.16) correspond naturally to the charge N instantons 
on the noncommutative space 1R 2 x T 2 , with the gauge group U(r + 1). 
We shall use the constructions analogous to the constructions |144| of 
instantons on the noncommutative M 4 adapted to the periodic case. 
The noncommutative solitons on a cylinder were studied in [145J. 

The idea of the construction is the following. Consider first the 
commutative situation. Let us denote the coordinates on IR 2 by x\,x<i- 
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Let (ui,u 2 ) £ T 2 C C x x C x , \ui\= \u 2 \ = 1. Let us denote by z,x the 
holomorphic local coordinates on C( x ) x £, 

1 



x 



x 1 + ix 2 , z 



2vri 



t (log(tti) + rlog(u 2 )) 



(8.52) 



Consider the (0, l)-component of U(r + 1) gauge field A = A 2 dz + A x dx, 
where A z , A s are the (r + 1) x (r + 1) complex matrices. They obey 
(8.38) and in the gauge (8.53) we have 



A, 



2ni 



T — T 



■diag(&(x,a;)) 



r+l 
i=l 



(8.53) 



where, by the considerations analogous to those around (8.46) we con- 
clude that dx^i = 0. Again, there are the residual gauge transforma- 
tions 

A- z ^ G- l A- z G + G- l d- z G 

which permute the eigenvalues £i(x): {(,i(x)} {£a(i)(x)}, for some 
a G cV+i, and shift them 

&(x) *-> Zi(z) + k - rrii (8.54) 
The latter are generated by the diagonal gauge transformations: 



G = diag (u^ulY^l 



.55) 



We can partially reduce the ambiguity ( |8.54 ) by passing to the expo- 
nential variables: 



Ux) 



(x) 



J 



r + l 



The residual gauge transformations (8.54) become 
tj(x) i — y q nj tj(x), 



tj{x) I— > t a{j) {x) 



(8.56) 



.57) 



for some integers n, G Z and permutations a G <S r +i. 

Let us now consider the noncommutative case. Let us replace the 
algebra of functions of Ui, u 2 , Xi, x 2 by the noncommutative algebra, 
with the generators ui, u 2 , x±, x 2 , obeying: 



U ^ X ^ Uj i X 2 
U 2 XiU 2 — X%) 
U\U 2 = U 2 Ui, 

[xi,x 2 ] = 



hi-i 



(8.58) 



where 



m 

r + l 



h — hi + ih 2 
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Then the analogue of (8.54) for 

G = diag(^Ci (8-59) 

gives: 

ft ■ 

ti(x) ^ q ni U{x rrtn), U(x) H> t a{i) (x) (8.60) 

r + 1 

These are precisely the i W-transformations of the class II* type A r 
gauge theory, with t{(x) given in (5.14), (7.97). 

Instead of giving more systematic discussion along the lines of |144l 
146-150J let us comment on the relation to the group GL^. We claim 
that the U(r + 1) instantons on the noncommutative IR 2 x T 2 with 
both M 2 and T 2 separately commutative, can be interpreted as the 
commutative periodic monopoles on M 2 x S 1 with the gauge group 

The idea is to interpret the noncommutative U(r + 1) gauge fields 
on IR 2 x T 2 as the GLoo-gauge fields on IR 2 ljX2 x SL using the rela- 
tion of the group GL^ to the quantization of the volume-preserving 
diffeomorphisms of a cylinder lj x Sj, i.e. the pseudo-differential op- 
erators ^>DO on Sq. Here the generators Si,2,£i,2 of the algebra (8.58) 
are related to the commutative coordinates (xi,x 2 ,ip) of the monopole 
theory and the generators (p, e iq ) of GL^ in the via 

u 2 = 

(8.61) 



x\ = x\ — ihid q 
x 2 = x 2 - ih 2 d q 



CHAPTER 9 



Higher dimensional theories 



In this section we briefly go over the higher dimensional generaliza- 
tions. We shall consider the lifts of all our theories to five dimensions, 
and the lifts of some of our theories to six dimensions. The latter re- 
striction comes from the possibility of encountering gauge and mixed 
anomalies in six dimensions, which would prohibit the decoupling of 
the gauge sector from the supergravity and ultimately string theory 
modes. 

The classical M = 2 theories in four dimensions admit a canonical 
lift to the M = 1 theories in six dimensions. Under this lift the vec- 
tor multiplets become the vector multiplets, and the hypermultiplets 
become the hypermultiplets. The structure of the hypermultiplet does 
not change, while the structure of the vector multiplet does change, 
for the complex scalar $ in the adjoint representation becomes the 
remaining component A 5 + \A Q of the gauge field. 

We then compactify the theory on a two-torus T 2 . In addition to the 
metric on the torus we shall also fix a background i?-field, a constant 
two-form. The combined metric and the two-form moduli are described 
by a 2 x 2 matrix G, with the positive definite symmetric part g. It 
is convenient to parametrize G by two complex numbers T, U, with 
ImU, ImT > 0. The parameter T encodes the complex structure of T 2 , 
while the parameter U is the complexified Kahler class: 



Five (six) dimensional supersymmetric gauge theory compactified on a 
circle (two-torus) would look four dimensional at low energy. The mi- 
croscopic gauge coupling r in four dimensions is proportional to U while 
T determines the complex geometry of the x-plane C/ x \. One can study 
the corresponding Seiberg-Witten geometry. Its key feature compared 
to special geometry of more traditional four dimensional models is the 
periodicity in the x- variable [2H]. In the five dimensional theory the 





T 



9X2 + iy / det(^) 
0ii 
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x-plane becomes the cylinder C^)*, while in the six dimensional the- 
ory the x-plane becomes the two-torus C( x )/27ri(Z © TZ). It has to do 
with the large gauge transformations. The result of these additional 
symmetries is the relativistic nature of the corresponding integrable 
systems. For example, the periodic Toda chain describing the pure 
M = 2 theory in four dimensions becomes the relativistic Toda chain. 
The Hamiltonians of the relativistic systems have periodic dependence 
on momenta, which are the rapidities of the particles. The resulting 
quantized Hamiltonians are the difference operators. 

Our discussion modifies in the case of five dimensional gauge theo- 
ries in two aspects. First, the notion of the amplitude function accom- 
modates the large gauge transformations: 

Ux) = exp ( tr Vi log (<#(*-**) - 1) ) u (9.2) 

where the dimension length /3 characterizes the circumference of the 



compactification circle. The limit shape integral equations (5.8) gener- 
alize straightforwardly, with the kernel: 

Mx) = | x s_log(^ x2 _ i l Li3(e ^ ) (9 . 3) 

Secondly, there are additional couplings in five dimensions: the levels 
ki of the Chern-Simons interactions CSs(A l ), % e Vert 7 . Effectively the 
Chern-Simons term changes the gauge coupling to the x-dependent 
quantity: 



In the six dimensional case the amplitude and the kernel (9.3) modify 
to: 

Mx) = exp (tr Vi logfl (etfC»-*0 ; Q) ) u (9.4) 

i/3 3 logggAuy) „ 1 . 

^ ' = 12 2 _ i/3 1 ' ' 

(9.5) 

J] (Li 3 (e i/3x Q n ) + Li 3 {e-^Q n )) 

n=l 

where Q = exp27riT, and now (3 2 is the scale of the area of the com- 
pactification torus T 2 . We will provide further details on five and six 
dimensional theories in the companion paper [19J. 



APPENDIX A 



McKay correspondence, D-branes, and M-theory 

A.l. From finite groups to Lie groups 

McKay correspondence states [151 J that the afhne ADE graphs 7 
can be constructed from the representation theory of finite subgroups 
r of 31/(2, C). 

The vertices i G Vert 7 in this case are the irreducible representations 
of r, % 1 — y IZi. One usually enumerates them, Vert 7 = {0, 1, . . . , r}, so 
that corresponds to the trivial representation TZq = C. By r in this 
section we denote the number of nodes in the finite graph 7fj n obtained 
by discarding the node "0" from affine 7. In all cases r is the rank of 
the Cartan matrix associated to Dynkin graph. Moreover, the Dynkin 
marks <Zj are the dimensions of V{, and the numbers of colors in affine 
quivers is 

Vi = Na h (A.l) 

where a, = dimRi, and N is some non-negative integer. As we said 
above, i — corresponds to the trivial representation, so do — 1. In 
the table of McKay correspondence we write "i(cij)" by each node to 
denote its label i and Dynkin mark dj. We label the nodes in Bourbaki 
conventions. 

The number of edges 1^ in the McKay graph between the node i 
and the node j is the multiplicity of representation TZj in the tensor 
product of TZi with the defining representation C 2 

C 2 g> Hi = C /y ®Hj. ( A.2) 

3 

The equation 0i = is verified by computing the dimensions of the left 
and the right hand sides. 

The order of T agrees with the dimensions of the irreducible rep- 
resentations / Dynkin marks of the McKay/Dynkin affine graph com- 
puted using the standard relation from the orthogonality of characters 

|r|=^dim7^ = ]Ta 2 (A.3) 

i i 
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Polyhedron T 



T, 



a,b,c 



Affine Dynkin graph 7 with labels i(cij 



Lie g 




Z r+1 

(r=6) 



T r ,i,i 




(r=5) 




UJ1UV-2 
(r=7) 



T 



2,2,2 





0(1) 


7(1) 


< 


» < 


) 


1(1) 


2(2) 3(2) 4(2) 


5(2) 6(1) 


• 1 


1 • • 1 


> • 



D r 

(r=7) 




^3,3,2 
(^3,3,3) 



0(1) 



1 


1 




2(2) 


( 


t 


KD 3(2) 


4(3) 5(2) 


• • 1 


1 m m 




T 



4,3,2 



4,2/ 



0(1) 1(2) 3(3) 



2(2) 



4(4) 5(3) 6(2) 7(1) 



E 7 




^5,3,2 

(^6,3,2; 



1(2) 3(4) 



2(3) 



4(6) 5(5) 6(4) 7(3) 8(2) 0(1) 



Ea 



McKay's observation is that 7 is affine ADE Dynkin diagram, with 
the trivial representation TZq associated with the affine node "0". The fi- 
nite Dynkin graph 7fi n is always a tri-star graph T a ^ fi with one trivalent 
vertex and three legs containing a, b, c vertices (where in the counting 
we included the center trivalent vertex). Hence the rank of the finite 
quiver 7fi n is a + b + c — 2. In fact a, b, c have simple interpretation: 
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the group T is always a Coxeter group Cox(a, b, c) defined on three 
generators (x, y, z) subject to relation 

x a = y b = z c = xyz (A.4) 

The affine graph of E r series is also a trivalent graph denoted by (T^e) 
in the table of McKay correspondence. Note that for each of the three 
cases Eq, E7, E s the identity 

111 

- + - + - = 1 (A.5) 
a c 

holds, which makes contact with the unimodular parabolic singulari- 
ties. 

Now we shall list explicitly the discrete subgroups of SU(2), the 
classification going back to Plato and Klein [152J. 



A. 2. Platonic symmetries 

A. 2.1. Cyclic group. Let us present cyclic group Z, r+1 in the 
(a, b, c) notation: consider group generated by x, y, z subject to 

x r = y = z = xyz (A. 6) 

Then z = y and xy = 1 and y = x r hence 

x r+1 = 1 (A.7) 

hence = Cox(r, 1, 1) = McKay(v4 r ). The order of T is 

|Z r+1 |=r + l = ^a 4 2 = (r + l)-l (A.8) 

A. 2. 2. Dihedral group. The dihedral group O r _ 2 — X ^2 of 
order 2(r — 2) is the symmetry group of regular r — 2-gon considered as 
a subgroup of SO(3). The lift of dihedral group Z 2 BD r _ 2 -> O r _ 2 
to a subgroup of SU(2) is called bidihedral group BO, which has order 
4(r — 2). The BD r is generated by (x, y, z) subject to relations 

x T ~ 2 = y 2 = z 2 = xyz (A. 9) 

hence BD r _ 2 = Cox(r - 2, 2, 2) = McKay( D r ) The order of T is 

|BD r _ 2 |= 4(r - 2) = ^ a i = ( r ~ 3 ) • 4 + 4 ■ 1 ( A - 10 ) 

«G7 
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A. 2.3. Tetrahedral group. The tetrahedral group T ~ A4, of 
order 12, is the subgroup of SO(3) realizing the symmetries of tetra- 
hedron. The lift of tetrahedral group Z2 — > BT — > T to a subgroup 
of SU(2) is called bitetrahedral group BT, which has order 24 and is 
generated by (x, y, z) subject to the relations 

x 3 = y 3 = z 2 =xyz (A.ll) 

Hence BT = Cox(3, 3, 2) = McKay (i^). The order of T is 

|BT|= 24 = ^2 a i = 3 ■ ( l2 + 2 2 ) + 3 2 = 24 (A.12) 

A. 2.4. Octahedral group. The octahedral group O ~ Si, of 
order 24, is the subgroup of 5*0(3) realizing the symmetries of the 
cube/octahedron. The lift to SU(2) is called bioctahedral group BO, 
of order 48; the BO can be generated by (x, y, z) subject to relations 

x i = y 3 = z 2 =xyz (A.13) 

associated to the symmetry axes of the cube/octahedron of the order 
4, 3 and 2. Hence BO = Cox(4, 3, 2) = McKay (_E 7 ). The order of T is 

|BO|= 48 = a i = 2 • ( l2 + 2 2 + 3 2 ) + 4 2 + 2 2 (A.14) 

A. 2. 5. Icosahedral group. The icosahedral group I ~ A5, of or- 
der 60, is the subgroup of 50(3) realizing the symmetries of the icosahe- 
dron/dodecahedron The lift to SU(2) is called biicosahedral group BO, 
of order 120; the biicosahedral group BI can be generated by (x, y, z) 
subject to relations 

x 5 =y 3 = z 2 = xyz (A. 15) 

associated to the symmetry axes of the icosahedron/dodecahedron of 
the order 5,3 and 2. Hence BO = Cox(5, 3, 2) = McKay(£ 8 ). The 
order of T is 

|M|= 120 = ^a 2 = (l 2 + 2 2 + 3 2 + 4 2 + 5 2 + 6 2 ) + 2 2 + 4 2 + 3 2 (A.16) 

A. 3. D-branes at singularities 

The physical explanation of the relation between the C 2 /r-singularities 
|153| and the superconformal theories with M = 2 supersymmetry is 
the following. Consider the IIB string in the background C 2 /T xC'x 
K 1 ' 3 , where T C SU(2) C 50(4) acts on C 2 « M 4 by the hyperkahler 
rotations. This background preserves half of the ten dimensional IIB 
supersymmetry. Now add a stack of regular D3 branes. At the 
orbifold singularity the regular D3 brane splits as a collection of r + 1 
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types of fractional branes, which correspond to the irreducible repre- 
sentations of T |154l I155| . Moreover, the regular brane contains 
fractional branes of the TZi type. The stack of N regular brane splits, 
therefore, as a collection of Nai fractional branes of TZi type, for all 
% = 0, . . . , r. Each cluster of fractional branes can be classically moved 
anywhere in the two-plane, transverse to the singularity and the D3 
brane worldvolume. To summarize, the D3 branes are located at: 

x {^.^.....^jxR 1 - 3 

Here ■ ■ ■ , /^ r } represents the positions of the V{ copies of the TZi 
type of the fractional branes in the two dimensional plane C 1 ~ IR 2 
transverse to the singular ALE space C 2 /T and the worldvolume P 1 ; 



of the branes. The positions the ones which enter the Eq. (12 . 1 01) . 

At the low energy the worldvolume theory on the D3 branes is the 
quiver gauge theory we are studying. If all /ij parameters are scaled 
to zero (or at least all coincide), the theory has no scale except for the 
string scale which is absent in the low energy description. Therefore 
the theory has the scaling invariance, which is promoted to the full 
M = 2 superconformal invariance. The couplings n, except for 



(A. 17) 

i=0 

which corresponds to the IIB dilaton-axion field, are not of geometric 
origin. The gauge couplings Tj, i = 1, . . . ,r, come from the twisted 
sector fields: 



n= / B rr + tB ns (A.18) 

where B^s, B RR are the Neveu-Schwarz(NSNS) and the Ramond- 
Ramond two-form fields of the IIB supergravity, and Sj stand for the 

non-trivial two-cycles in the resolved C 2 /r geometry. These excep- 
tional cycles are well-known to correspond to the simple roots of $j q . 

The 4d gauge theory on the stack of D3 branes in the above ge- 
ometry is M = 2 supersymmetric theory of the affine ADE quiver 
type. To find the algebraic integrable system associated to the IR so- 
lution of such theory we compactify the worldvolume of the D3 branes 
(xq,xi, X2,Xz) on a circle S 1 , say, along a; 3 . Hence, our setup is D3 
branes along IR 1 ' 2 x S 1 inside the IIB string theory on IR 1,2 x x 

C/ x \ x C 2 /r. Here C/ x \ is the real- two dimensional space associated 
with the scalars of M = 2 vector multiplet in 4 dimensions. For 4d 
theories this is affine complex line C^) = C, for 5d theories on S 1 
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this is a cylinder C/ x \ = C x and for 6d theories on T 2 this is a torus 

C( x ) = £(3.). 

Given this type IIB string theory realization of the affine ADE 
quiver theory, first we perform T-duality along §L 3 \. The stack of N 
D3-branes converts to the stack of N D2-branes on IR 2 ' 1 in type IIA 
string theory on IR 1 - 2 x §L } x C {x) x C 2 /T. Next we lift the type IIA 
string to M-theory on IR 1,2 x Sj^ x C {x) x C 2 /r x S\ Xw) where §J Xio) is 
the M-theory circle. The radius of M-theory circle is determined by IIB 
coupling constant (A. 17). We treat the product of two circles along x% 
and along x w as the elliptic curve £ = §j> x SL^x which has elliptic 

modulus q = e 27rlT . The stack of iV D2 branes converts to the stack of 
N M2 branes along IR 1,2 . So finally we arrive to the M-theory picture. 

That is, we consider the following configuration in M-theory: the 
space-time background is 

IR 1,2 x X 4 x C 2 /r (A.19) 

to which we add a stack of N M2 branes whose worldvolume is IR 1,2 
in (A.19) localized at the orbifold singularity in C 2 /r, and anywhere 
in X 4 = C/ x \ x £ q . The M-theory on C 2 /r is believed to contain 
the seven dimensional G-gauge theory with sixteen supersymmetries, 
localized at the singular locus. The maximal torus T part of the gauge 
bosons and their superpartners descend from the supergravity modes 
associated with the hyperkahler deformations of the metric on IR 4 /T. 
In particular, the gauge fields are the modes of the three-form field 
C*3 integrated along the collapsed two-cycles Sj, i = l,...,r in the 

deformed geometry IR 4 /T. The remaining M^-bosons come from the 

M2-branes wrapped on various two-cycles in H 2 (^ 4 /T, Z) m Q. 

In the IR, the stack of N M2 branes stretched along IR 1,2 in this 7d 
G-gauge theory on IR 1 ' 2 x X4 dissolve into the charge N C7-instantons 
on X 4 = C {x) x £ q (HI HO SSI Hill ESEHHEI. The moduli space of 
framed charge N G-instantons on X4 is the phase space of the algebraic 
integrable system (see chapter [4]) we have found from the microscopic 
four dimensional instanton counting in the quiver gauge theory. 
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Partitions and free fermions 



Recall that a partition A is a non-increasing sequence of integers, 
stabilizing at zero, 



A = (Ai > A 2 > . . . > Xirx) > = = . . . 



e(\) 

The number £(X) > is called the length of the partition A, while 



fB.r 



(B.2) 



is called the size of the partition A. 

Consider the theory of a single chiral complex fermion, which is a 
(1/2, (J)-differential, in two dimensions 



C 



The theory (B.3) has a L r (l)-symmetry 



(B.3) 



(B.4) 



One can couple the fermion to the background abelian gauge field cor- 
responding to this symmetry: 



d^d + A 



(B.5) 



so that the Lagrangian (B.3) deforms to 



AJ 



where J = ipip is the U(l) current, which we define as an operator 
below. 

In studying the space of states % corresponding to the quantization 



of the theory (B.4) one can distinguish various sectors, corresponding 
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to twisted boundary conditions: Expand: 



— V 

z 



' " ^ Z+a (B.6) 



\ z J 

where a = J gl A. The fermion modes ip r ,ip s form the Clifford algebra: 

{ t/v, ^ s } = 5 r+Sj0 {Vv, V^} = {Vv, V^} = (B.7) 
The vacuum state |0; a) is annihilated by all the a-positive harmonics 

ip r 10; a) = 0, r > a 

(B.8) 

Vv |0; a) = 0, r > -a 

The space of states is built by acting on |0; a) with creation operators 
ip r , r < a, and i{) s , s < —a. The resulting Hilbert space "H Q has a basis 
labeled by partitions: 

^ Q = 0C|A;a) 

A 

|A; a) = 

V'-Ax+a^-Aa+l+a • • • 1p-X m +i(X)-l+a $ -o$ -a-\ ■ ■ ■ i*-a+l-l{\) |0i «) 

(B.9) 

Define the normal ordering with respect to the a = vacuum: 

V#j > j > o 



The £7(1) symmetry of the Lagrangian (B.3) is promoted to the u(l) 
current algebra symmetry It is generated by the operator 

J(z) = : ^(z)ij(z) : = JnZ'^dz 



J n ^ ■ Iprlpn—r 

The generating function 



fB.ir 



oo 1 

E^' ,J, = IIr^ < B12 > 

A n=l 

is a character of the fundamental u(l) module, %q. 
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Lie groups and Lie algebras 



In this section we fix our notations for the notions from the Lie 
group and Lie algebra theory we are using in the work. In this section 
we work over the field C of complex numbers. 

C.l. Finite dimensional Lie algebras 

Let q be a finite-dimensional simply-laced simple Lie algebra, f) 
its Cartan subalgebra. Let G be the corresponding simply- connected 
simple Lie group, and T C G the corresponding to f) maximal torus. 
We have the exponential map exp(, : f) — > T, which is a restriction on () 
of the exponential map exp g : g — > G. We shall only use the exp^ map 
in this work and will omit the f) subscript in what follows. We also use 
the notation: 

e(x) = exp (27rix) = e 2 ™ G T, for x G t) (C.l) 



C.l.l. The coroots. The kernel of the map (C.l), i.e. the set 
Q v C f) which is mapped to the identity element in T, is called the 
coroot lattice (it is obviously an abelian group). The coroot lattice Q v 
has the rank r = rkG = dimf). Let us denote by a(, i = 1, . . . , r its 
integral basis: 

Q v = Za[ © Za\ © . . . © Za v r 
The generators aY are called the simple coroots. 
Now, let z G C x , and a v G Q v , then 

l ^aA G T (C.2) 

is independent of the choice of the branch of the log(z). This identifies 
the coroot lattice with the lattice of homomorphisms: 

Q v = Hom(C x ,T) (C.3) 



Using Eq. (C.2) we can parametrize T by 

r 

Z = (Z!, . . . , Zr) H> t z = Yl zf (C.4) 

i=l 

where Zi G C x . 
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C.1.2. The weights. The dual lattice is called the lattice of weights: 

A = Hom(T,C x ) (C.5) 

Let us represent element t G T as 

t = e(x) (C.6) 

for some x G h, which is defined, as we recall, up to an a shift by an 
element of the coroot lattice Q v . Then for any A G A, the value of the 
homomorphism A on t, which we denote by t x G C x , can be computed 
as: 

where A(x) is a linear function of x. In this way we view A as an 
element of h*, so that A C f)*. In order for (C.7) be independent of the 
choice of x in (C.6), the value of A on any element of the coroot lattice 
must be an integer: 

A(Q V ) C Z . (C.8) 
which is another definition of the dual lattices. Let us fix the basis 
{\)U of A: 

A = ZAi © ZA 2 © . . . © ZA r , 
dual to the basis {a^) T i=1 of simple coroots, so that 

Ai(aJ) = 5^ (C.9) 

C.1.3. The roots. The torus T acts on G via the adjoint action: 
Ad:TxG-+G, (t,g)^r 1 gt 
Infinitesimally, it acts linearly on the Lie algebra 

d 



Ad:T— >Aut( fl ), Ad t (0 

ds 



r 1 exp(sO* e (C.io) 

s=0 



for (eg, and finally, this defines an action of f) on q: 

ad:h->End( ), ad x (0 = [£, x] G Q (C.ll) 
for xGf),(6 Q. 

This action gives us several structures: the root decomposition of 

Q- 

= f)©0Ce Q (C.12) 

where R C A is a set of non- vanishing weights of the adjoint represen- 
tation: 

ad t (e a ) = t a e a 
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These weights are called roots, and the lattice Q C A they generate is a 
sublattice of A, called the root lattice. It has a basis (aij)£ =1 of positive 
simple roots: 

Q = Za 1 ©Za 2 ©...©Za r (C.13) 
which allows us to define the Cart an matrix C e of q: 

C% = (C.14) 

which is non-degenerate. The additional requirement we impose on q 
is that it is simply-laced, i.e. by an appropriate choice of integral bases 
one can make C symmetric: 

C.1.4. The center. The quotient 

Z = A/Q (C.15) 

is an abelian group, which is a subgroup both of T and G. In fact, 
it is the center of G. Clearly, the center does not act in the adjoint 
representation, so that in the Eq. (CIO) it is the quotient T/Z which 
acts faithfully. Hence the root lattice 

Q C A C h* 

can be also identified with the lattice of T/Z characters 

Q = Hom(T/Z,C x ) (C.16) 

Finally, the coweight lattice A v C h is both the integral dual to Q, and 
the lattice of T/Z cocharacters: 

A v =Hom(C x ,T/Z) (C.17) 

with the basis (A^)[ =1 , dual to that of Q: 

a i (X]) = 5 ij (C.18) 

The expression 



does depend on the choice of the branch of the logarithm log(w), how- 
ever, the ambiguity is in the multiplicative Z-valued factor, since for 
any A v G Q v : 

e(A v ) eZcT 

Thus, for any w G C x , w xV is well-defined as an element of T/Z, as is 
claimed by (C.17). 
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G 

E& 
E 7 
E 8 



12 S jj • • • ; Q S 

r + 1 
2,2 
4 
3 
2 



TABLE C.l. The number of cyclic factors in Z with their 
orders 



The center Z, being a finite abelian group, is isomorphic to a prod- 
uct of cyclic groups 

Z « (g) Z/£ 5 Z (C.19) 
C=l 

for some z B , which is equal to 0, 1, or 2. 

The table (C.l) shows the values of z s 's and £^s for all simple 
simply-laced Lie groups. 

Let G T be the generator of the Z/^Z factor in Z C T. In 
other words 

^ 1 for jfc = 1,2,..., 4 - 1, 

4 (C.20) 
and OT e = 1 G T . 



Of course, the Eq. (C.20) does not characterize zu^ uniquely. Indeed, 
for any integer sg, which is mutually prime with i.e. (s^,£^) = 1, 
the Z element zu^ = zu s ^ also generates %ji(L. We write, 



e(Ar) = II^' 



4 J 



for some integers 1^, w^j G Z, which are normalized 

< la < it, < w 6j < £ 5 

and 

Note that 

A*(Ajf) = {C% 1 G Q 



(C.21) 



(C.22) 



(C.23) 
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By combining Eqs. (C.23) with ( ]C.21[ ), we derive: 

(C S )J = £ ^ + C% (C24) 
5=1 k 

where C B is some integral matrix. Note in passing that if we were to 
study the group G over the field ¥ p n where p divides £ y then Cfj would 
correspond to an affine (or even double affine) root system. 

C.l. 5. Killing metric. Another structure we gain from the ad- 
joint action of T on q is the Killing metric on h, 

(x, x) = 1 tr 8 ad^ (C.25) 

which identifies f) with h*, Q v with Q, and A v with A, and the constant 
h g is chosen so that 

(Aj, otj) — Sij, (a l ,a J ) = Cf J , (Aj, Xj) = (C^) -1 (C.26) 

C.1.6. The Weyl group. The torus T has some symmetries within 
G. Namely, for any t G T there are transformations of the form: 

t H- g-Hg (C.27) 

for some g G G, for which g~ x tg G T also. Such transformations 
form a group, which is called the normalizer N(T) of T. This group 
obviously contains T, since the transformation (C.27) with g G T 
doesn't even move t. It turns out that there are additional nontriv- 
ial transformations. These additional transformations form the Weyl 
group W(q) = JV(T)/T. 

For t G T and w G W(q) let us denote by w t the result of the 
application of g w representing w in N(T) C G: 

w t = g-Hg w (C.28) 

By taking the limit t — > 1 we get the action of W(q) on h: for £ G f) 

d 



as 



(expsO (C.29) 



s=0 



It is clear that W(g) acts on [) by the orthogonal transformations pre- 
serving the metric (C.25). The action of W(q) on h* (h) preserves both 
the (co)root lattice and the (co)weight lattice. 

The less trivial result is that the group W(q) is generated by reflec- 
tions j-j at the simple roots. The corresponding transformations on f) 
and T are 

r *x = x - Oi{x)a% , r H = t{r a ^ (C.30) 
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The W / (g)-action on T can be also described in the ^-coordinates: 

l t z t z (t z *J 1 t z , 

where 



Z 3 ~ Z 3 1 



3 ¥= i 



(C.31) 



k=l 



C.l. 7. Weyl group and the center. Since W(g) acts on T by 
similarity transformations in G, the center Z C T C G is fixed by 
any w G W(q). In particular, Tj preserves for any % and £, which is 
equivalent to 

wf = 1 (C.32) 



Substituting into Eq. (|C32|) the representation (|C22 ) and recalling 

,...,r. (C.33) 



the definition (C.14) of C s we get: 



5 Z$1 % 



Combining this relation with Eq. ( C.24[ ) we obtain: 

5=1 fc=l 



(C.34) 



On the other hand, using the Eq. (C.21 ), and the relations X^=i CfjXj 
a/, and e(a^) = 1 for any z, we derive: 



nn 



which implies 



1 % 

T C i3 l X 



c%eZ 



(C.35) 



j=i 



C.1.8. Langlands dual, adjoint, and conformal groups. The 

simple Lie group G/Z has a trivial center, but it is not simply-connected. 
This group is also denoted by G ad , since it is represented faithfully in 
the adjoint representation q. The maximal torus T ad of G ad , is the 
quotient T/Z = h/Q. Also, since the lattices of weights and roots of 
G and G ad are dual to each other, these groups are Langlands duals, 
L G = G ad . 

The group G ad is not very convenient to work with. For one thing, 
the center Z looks differently for different groups. One defines the 
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conformal extension CG of G as the group (see |159H161] for recent 
applications in a related context), 

CG = (C x G)/Z (C.36) 

where 

C = (C X )^ (C.37) 

where the center Z acts on G in the usual way, and on C via some 
character 

XGHom(Z,C) (C.38) 
For example, we can choose 

x(«7„) = (cir)?=i 

where Q is the primitive i'th root of unity: 

Ci = e 2 ^ (C.39) 

The elements of the group CG are the classes of pairs [(b;g)], where 
b G C is the z -tuple of non-zero complex numbers, b = (bi, . . . , b x ), 
and geG, under the equivalence (b; g) ~ ( x b; w x g ), where 

— \°y^i x >y=i 

with the multiplication law 

[(bi;gi)] ■ [(b 2 ;^ 2 )] = [(bib 2 ;#i# 2 )] 

The maximal torus CT of CG has rank r + z Q . The center CZ of CG is 
the subgroup of CG which consists of the equivalence classes containing 
(b; 1), with b G C. Clearly, CZ w C. In this way, the centers of the 
conformal extensions look the same for all groups of equal z s . 
The lattice 

CQ V = Hom(C x ,CT) (C.40) 
is an extension of Q v by the rank z s lattice with the generators fl^ , 

r z B 

CQ v = 0Z«r©0Z;/3 c v (C.41) 

i=l £=1 

The root subspace decomposition of eg = Lie(CG) = q®C Zs is easy to 
compute. There are r simple roots which we denote by ctj. They act 
on cf) = Lie(CT) as follows: 

=<£ (a42) 
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a 



3 



(C.43) 



Of. 



:(K € ) = (C.44) 

for any i, £. The meaning of (C.43) is the following. The lattice of 
cocharacters of the maximal torus of C x G is the direct sum of the 
lattice Q v of coroots of G and the lattice 

Hom(C x ,C x T) = L©Q V 

L = Tn(C) = ZK„, (C ' 45) 

so that a generic element of C x T can be represented by: 



(again, in writing (C.46) we assume normalization e(K^) 
The action of Z on C x G translates to the action on b,e;: 



(C.46) 
1 G C.) 

(C.47) 



The quotient CT = (C x T)/Z is coordinatized by 



2n 



(C.48) 



*t = 9s 



n* 



in agreement with (C.40). Simply put, G Hom(C x ,CT), 
Hom(C x ,C x T), and~3j £ Hom(C x ,C x T). 

Clearly, there are other choices of the Z-invariant coordinates, which 
differ by multiplication of Z{ by any function of Ug's. 

Comparing the Eqs. (C.48) and (C.46) we arrive at (C.43). The 
Eq. (C.44) simply reflects the fact that C acts trivially in the adjoint 
representation. The lattice CQ generated by a, is isomorphic to the 
root lattice Q. 

The weight lattice CA of C x G is the direct sum of the weight 
lattice of C and that of G: 



CA = Hom(C x T,C X ) = L v © A 



(C.49) 
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The weight lattice CA of CG is a sublattice of CA which consists of 
the weights which are trivial on the elements of C x T of the form 

for any £. In the CA-basis (/i^; A*), £ = 1, . . . , z g , i — 1, . . . , r such that 

Xi(K v ) = 0, X^a]) = 5ij 
the lattice CA is spanned by 

fa = Xi = Xi + ^ wgi/^g • (C.50) 

An easy computation gives: 

& W) = ) = ,~ C1 V 

(C.51) 

/i ? K v ) = 0, A^ v ) = 

Finally, the lattice CA V of coweights of CG, which is dual to the root 
lattice CQ, is generated by the fundamental coweights A/, which obey 

a*(AV) = % (C.52) 



The equations (C.52) define A/ up to the shifts by the integer multiples 



of K%. We choose the representative 



Shifting A/ by c^fQ would change the coefficient 1^ i— >■ + ^g?£. 

As we see, the coweights A/ are the integral linear combinations 
of the coroots a v and /3 V , as if CG were the simple simply-connected 
group with the trivial center. 

C.1.9. The D-homomorphism. By construction of the confor- 
mal group, there is a homomorphism 

D : CG — ► C/Z « C 



-4 



(C.54) 



In terms of the weights, the restriction of the homomorphism D onto 
CT is given by: 

£>(4,z) = (%%)IU = (u^lt (C.55) 



C.2. AFFINE LIE ALGEBRAS 



143 



C.1.10. Twisted Weyl group action. Now we can define the 
twisted action of Weyl group W(q). It is nothing but the natural action 
of W(g) on CT. However, we shall encounter a somewhat redundant 
parametrization of CT, by T x T: 

r 
i=l 

which is equal to t %z with 

u,=n yj 1 *, * = n ( c - 5r ) 



Using (C.42) we compute the Weyl group W(g) action on CT: under 
the reflection r\j the group element gy^ maps to ri gy,y = gyy, where 

^3 = ^3i j I * 

^=^n^ (a58) 

The homomorphism D is W / (g)-invariant: 

r 

%fl)=%,«) = (II^)H 

i=i 

C.2. AfRne Lie algebras 

The afline Lie algebras g show up in the solution of the theories 
of the class II. In preparing this section we consulted with |162] . |84j . 
Given a simple Lie group G with its Lie algebra g one defines the 
loop group LG and the loop algebra Lg of (suitably defined, analytic, 
formal, polynomial) maps of the neighborhood of a circle in C x into G 
and g, respectively: 

LG = Maps(C x , G), Lg = Maps(C x , 0), (C.59) 

with the point-wise product and Lie brackets, respectively. Then one 
defines the central extension Lg = Lg © <CK by 

© ai K, f 2 {t) @a 2 K} = [ft(t), f 2 (t)} © I (dft{t), f 2 (t)) K 

Jn 1 

and the additional (non-central) extension g of Lg by C, which acts on 
Lg by the infinitesimal rotation of C x in (C.59). The elements of $j can 
be represented as the 0-valued first order differential operators on S 1 
plus a constant: 

rd + f(t) © aK G g, r,aeC,f(t)eg 
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with the commutation relations: 

[nd + fi{t) © a-i.K, r 2 d + f 2 (t) © a 2 K] = 

0.d + t(ri^)-7i/i(t)) + [/i(*),/ 2 (0] © / (f 1 (t),df 2 (t))K 

(C.60) 

Analogously, one defines the central extension LG which is a non- 
trivial C x -bundle over LG (this is analogous to the construction of the 
conformal group CG in the previous section), an d then the extension 



G of LG by C x which acts by rotation of C x in flC.59[ ). 

The algebra q can also be defined by the general construction of the 
generalized Kac-Moody algebras associated with the Cartan matrix 
Cfj. The affine Cartan matrix has exactly one eigenvector with the 
eigenvalue zero: 

r 

E4^ = ° ( c - 61 ) 

j=0 

The Cartan subalgebra f) of the corresponding affine Lie algebra g with 
the underlying finite dimensional simply-laced Lie algebra Q of rank 
r is the complex vector space of dimension r + 2. The dual space f)* 
contains the root lattice Q C f)*, which is generated by the simple roots 
ai, % = 0, . . . , r, of which the simple roots o?j with i > generate the 
root lattice of g. Likewise, the Cartan subalgebra f) contains the coroot 
lattice Q v C P), generated by the simple coroots ot( , which obey: 

a t (a]) = C| (C.62) 
The following linear combination of the simple roots: 

r-1 

< 5 = ^a i a i e^ (C.63) 
is called the imaginary root. It annihilates the simple coroots, cf. 



(C.61): 



Sffi) = 0, i = 0, . . . , r - 1 
The analogous linear combination of coroots 

r-1 

K = J2 a & e b ( c - 64 ) 

obeys 

Oi(K) =0, % = 0,...,r (C.65) 
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and generates the center of the affine Kac-Moody algebra since (C.65) 
implies it commutes with everything in q. Then 

Qc = f) © CK , Q c = f)* © O (C.66) 

where f) and f)* are the Cartan subalgebra and its dual space of the cor- 
responding finite dimensional simply-laced Lie algebra q, respectively. 
In order to generate f) and f)* as the vector spaces over C we need to 
add one more generator in addition to the simple roots and the simple 
coroots, respectively: 

f> = Q c © CA , S = Qc © C5 V (C.67) 

which obey: 

A (S, V ) = S,(5 V ) = 6 l0 (C.68) 
The generator £ v is equal to the generator of the infinitesimal loop 



rotation d we used in (C.60). 



The weight lattice A of q is generated by the fundamental weights 
XiEi)*, i = 0,l,...,r: 

A = A © ZA C f)* (C.69) 
which obey the following basic relations: 

Ai(aJ) = Sij, \ t (5 v ) = 0, 6(6*) = a = 1 (C.70) 
The fundamental coweights \Y e f) obey: 

and form the coweight lattice 



AV = ZA v cf) 



i=0 

The level of a weight A G A is defined as k = X(K) so that the level of 
the z'th fundamental weight is equal to 

X t (K) = a t = 5(A7) . (C.71) 

Note that is the Cartan subalgebra of the central extension Lq of 
the loop algebra Lq. Adding <5 V makes up the Cartan of the affine Kac- 
Moody algebra of q, which is an extension of Lg by the operator of the 
infinitesimal loop rotation, the zero mode of the Virasoro generator. In 
physics literature the more common notation for 5 V is Lq. 
Also we notice that 

MAJ) = (C%\ i,j = l,...,r (C.72) 
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hence 








(C.73) 



A useful relation obtained from identity operator |Aj)(a/| + |5)(5 v | is 

r 

= M^) - S(X^)a k (5 v ) = 8 jk - a 3 5 k0 (C.74) 



8=0 



Let A G f)* for A G t)* denote the image of the projection [)*—)•[)*, 
i.e. forgetting components spanned by 5 and Ao- Then 

A7 = + \) 

(C.75) 



Xj — dj\o + Xj 



C.3. ADE Cartan matrices, roots and weights 

Our ADE conventions are summarized in the table [A] 

C.3.1. A r series. The Cartan matrix C^ r with i, j = 0, . 



C 



( 2 -1 -1\ 

-1 2 -1 

0-12-1 ... 





V-i o 



2 -1 
-1 2/ 



(C.76) 



The affine simple roots are 

a = S — 9, a?i = d — e 2 , a 2 = e 2 — e 3 , . . . , a r 



e r+ \ 



where 9 = e\ — e r+ \ is the highest root. The Dynkin marks are ai 
1, % = 0, . . . , r. The fundamental weights are 

Ao, 



Ai = A + ei 



A 2 = A + ei + e 2 e 

r 



(C.77) 



where 



Ao + ei + e 2 H h e r 



e 1 H he r 



r + 1 
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The inverse Cartan matrix of the block i,j = 1 . . . r, i.e. the inverse 
Cartan matrix (C Ar )~ 1 of q = A r is 



A i (AV) = (C7^)ri = max(i,j)- 



r + V 



i,j = l,...,r (C.78) 



C.3.2. D r series. In the standard basis {e^ | i — 1, . . . , r} the sim- 
ple roots of D r are 



l,...,r 



oti = ( 

— G-f- — ]_ I 67* 

and the fundamental weights are 

Aj = ei + e 2 H he*, i — l...r 



(C.79) 



A r -i 
A r 



ei + e 2 + • • • + e r _i — e r ) 
ei + e 2 H h e r _i + e r ) 



(C.80) 



The highest root is = ^[=1 a i a i = ei + e 2 . 

In the basis (e$) the root (coroot) lattice of _D r is given by 

Q = Q y = {n G Z r ||n|G 2Z} 

The weight (coweight) lattice of D r is 

©Li ZA, 



U 

6=0,1 



(C.81) 
(C.82) 



The inverse Cartan matrix is 



Ai(AV) 


ll«= 








/ 1 


1 


1 


1 • 


1 


1 


2 


2 


2 • 


2 


1 


2 


3 


3 • 


3 


1 


2 


3 


4 • 


4 


1 


2 


3 


4 • 


• r-2 




2 


3 


4 


r-2 


u 


2 


2 


h 
2 


2 



r-2 
2 

r 

1-2 



r-2 

•A 
4 



/ 

(C.83) 

The basis of the affine Cartan dual is {A , 6, e 1: . . . , e r }. The simple 
roots are a = 5 — 9 and the roots ctj of D r . The fundamental weights 
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are 



Ao, 

Aj = aiAo + Aj, i = l, ...,r 



(C.84) 



where Aj denote the fundamental weights of D r , and a« are the Dynkin 
labels: 



(ao,...,a r ) = (l,l,2,...,2,l,l) 
C.3.3. E e . The Cartan matrix of E 6 is 



(C.85) 





( 2 





-1 








\ 







2 





-1 








C Ee = 


-1 





2 


-1 











-1 


-1 


2 


-1 
















-1 


2 




1 




Vo 











-1 


2 


/ 


and the inverse is 




















3 


1 5 

1 3 


2 


4 
3 


? \ 

3 








1 


2 2 


3 


2 


1 






-1 _ 


5 
3 

2 


9 10 
Z 3 

3 4 


4 
6 


8 
3 

4 


4 
3 
2 








4 


2 | 


4 




5 








vl 


1 1 


2 


3 


\) 





(C.86) 



(C.87) 



In the affine Cartan matrix the affine node "0" of E 6 connects to the 
node "2" of E§. The Dynkin marks 



(a ,..., as) = (1,1,2,2,3,2,1). 
C.3.4. E 7 . The Cartan matrix of E 7 is 



(C.88) 



C E ? = 



( 2 





-1 
















2 





-1 











-1 





2 


-1 














-1 


-1 


2 


-1 

















-1 


2 


-1 

















-1 


2 


-1 


Vo 














-1 


2/ 



(C.89) 



C.4. AFFINE WEYL GROUP 



149 



and the inverse is 



(C E7 Y l = 



f 2 


2 


3 


4 


3 


2 


1\ 


2 


7 

2 


4 


6 


9 
2 


3 


3 
2 


3 


4 


6 


8 


6 


4 


2 


4 


6 


8 


12 


9 


6 


3 


3 


9 
2 


6 


9 


15 
2 


5 


5 
2 


2 


3 


4 


6 


5 


4 


2 


V 


3 
2 


2 


3 


5 
2 


2 


2' 



(C.90) 



In the affine Cartan matrix the affine node 
node "1" of E 7 . The Dynkin marks 



'0" of E-j connects to the 



(a ,...,a 7 ) = (1,2,2,3,4,3,2,1). 
C.3.5. E 8 . The Cartan matrix of Eg is 



(C.91) 





( 2 





-1 
























2 





-1 


















-i 





2 


-1 
















C Es = 





-1 


-1 


2 




-1 




















-1 




2 


-1 
























-1 


2 


-1 
























-1 


2 


-1 




\o 



















-1 


2 


and the inverse 


is 
























5 


7 


10 


8 


6 


4 


2 \ 






5 


8 


10 


15 


12 


9 


6 


3 






7 


10 


14 


20 


16 


12 


8 


4 


(c Es y 


i _ 


10 

8 


15 
12 


20 
16 


30 
24 


24 
20 


18 
15 


12 
10 


6 
5 






6 


9 


12 


18 


15 


12 


8 


4 






4 


6 


8 


12 


10 


8 


6 


3 






V2 


3 


4 


6 


5 


4 


3 


V 



(C.92) 



(C.93) 



In the affine Cartan matrix the node "0" of E 8 connects to the node "8" 
of E 8 . The Dynkin marks 



(a , . . . ,i 



(1,3,2,4,6,5,4,3,2). 



(C.94) 



C.4. Affine Weyl group 

For the Class II theories the relevant reflection group turns out to 
be the affine Weyl group W(q). As a group, it is a semi-direct product 
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of the finite Weyl group W(q) and the root lattice Q of g (recall that 
for g the root and the coroot lattices are identified): 

W(g) = W(g) x Q (C.95) 

We can view W(q) as the group acting in h, preserving the non- 
degenerate scalar product: (•, •) which extends the Killing form on 
f) by the pairing between K and 5 V , as follows. For 

x = t5 v + oK + f, T,aeC,£et) (C.96) 

(x,x) = (£,£) + 2t<t (C.97) 
The group W(g) is generated by simple reflections r,, % = 0, 1, . . . , r. 
The action of r, on f) is given by: 

fj : x (-)■ x — a>i(x)ci( , i = 0, . . . , r (C.98) 

for x G h. Similarly, the action of rj on h* is given by 

7*j : p i — y p — p(ct^)oij , z = 0, ...,r (C.99) 



Note that K is invariant under the reflections (C.98), while S is invari- 
ant under the reflections (C.99), cf. (C.63). 
On the hyperplane 

H T = {x\5(x) = t} C f) (C.100) 

the group W(g) acts by orthogonal transformations, generated by the 
ordinary reflections, and by translations. In the decomposition (C.96) 
we have: 

r (r<5 v + aK + f ) = t5 v + oK + f - (r - 0(O)(# - # V ) (C.101) 

where we introduced the highest root 9 G f)*, and the highest coroot 
V G f): 



r 



n0 = 5 — «o = dicx-ii 9 y = K — «q = a^a^ (C.102) 

i=l i=l 

which obey: 0(0 V ) = (0 V , V ) = 2, and also 0(f) = (f , V ) for any f G f). 

Now, to make the translational part of the W(q) action explicit, let 
us perform an additional reflection at 8: 

r e r (x) = r (x) - 0{£ - (r - 0(f))(-0 v ))0 v = 

r5 y + (a - r + 6(0)K + £ - r0 v { ' 

Finally, the general element of W(q) can be represented as a pair (w, /3), 
where w G W(q) and (5 G Q, with the composition rule: 

(w 1 ,(3 1 )-(w 2 ,/3 2 ) = (w 1 -w 2 ,/3 1 + (3^) 
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The element w = (w, (3) acts on x G H T as follows: 

{t5 v + aK + £f = 

w / T \ (C.104) 

t6 v + (a- (C, P) ~ j (P, P)) K + (f° + tP) 

The dual picture is the action of W(q) on the fixed level hyperplane 
HI = {p\p(K) = k}c ij*. Write 

p = k\ + fiS + rj, rjef)*,k,fieC (C.105) 

then 

p(x) = ka + rpL + r}(£) 

Then the affine Weyl transformation wp generated by f3 G Q acts on p 
as follows: 

w p (p) =p+ (-fa (3) + ^((3, 0)) S + k(3 (C.106) 



We need the affine Weyl lattice action (C.106) to construct lattice 
theta-functions in section IC.81 



C.5. Conjugacy classes and moduli of bundles 

In this section we recall the relation of the moduli space of holo- 
morphic G-bundles on elliptic curve and the space of conjugacy classes 
in g, see e.g [163J. 



Let H T be the hyperplane (C.100) and let B T be the quotient 



H T /CK } i.e. we forget about the oK part in the expansion 

r 

t5 v + aK + (C.107) 



x 

i=l 



We can identify the quotient with the Cartan subalgebra f) of the finite- 
dimensional Lie algebra 0, B T w f). In this way we arrive at the r- 
dependent action of W(g) on f): 

= C° + tP (C.108) 

Note that this action does not preserve the coroot lattice Q v C P). 
However, it preserves the "doubled" coroot lattice Q v + rQ v C P). 

Recall that Bernstein-Schwarzman group W t (q) [164J is the semi- 
direct product of W(q) and the lattice Q v + rQ v C P). The quotient 



(C.109) 
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is identified with the coarse moduli space BuriG(£) of holomorphic 
principal semi-stable G-bundles on the elliptic curve £ = C/(Z + rZ) 
|165[ ri66j. Let us denote by z the additive coordinate on £: 

z ~ z + m + nr. m,n6Z 



We can perform the quotient (C.109) in two steps: first, divide by Q 



and then, divide by the action of The first step is accomplished 

by the exponential map from f) to f)/Q v ~ T. In the second step we 
divide by the lattice rQ v , giving us £ £g> Q v (as an abelian group), and 
finally we divide by the Weyl group W(q)'. 

T/W(g) = (T/rQ v )/iy( ) = (£ ® Q y )/W(g) (C.110) 

It is instructive to recall "Dolbeault" realization of the moduli space 
of bundles, since it will be useful in our further analysis. A holomor- 
phic structure in the G-bundle is a (0, l)-connection = d z + A z on a 
principal smooth G-bundle P, which is topologically trivial since we as- 
sume G simply connected, and therefore A z is a q- valued (0, l)-form on 
£. The gauge equivalent connections correspond to the isomorphic 
bundles: 

A-^g-'A.g + g-'d.g, geC°°(Z,G) (C.lll) 

Recall that the holomorphic structure on P is determined by the con- 
dition that the local holomorphic sections of P are annihilated by Vg, 
e.g. in an open neighborhood U a C £, the holomorphic sections s a 
obey: 

V- zSa = & A 2 \ Ua = -(d- z s a )s- 1 (C.112) 

One can find a gauge for A 2 , where it is a given by a constant f)-valued 
(0, l)-form: 

v- z = d- z + — e, (c.ii3) 

T — T 

which still leaves a room for the residual gauge transformations, which 
preserve the fact that £ £ f) and <9 2 £ = <9 S £ = 0. There are two kinds 
of transformations (the general such transformation is a composition 
of these two): 

£ ^ r = 9^9 W , g w £ iV(T)/T = W(q) (C.114) 

and 



where 



^ £ + T -^d z \ogg = Z-p 1 -rfa (C.115) 

Z7T1 



Z — Z ZT — ZT 

g(z, z) = exp 2vri ( f3 1 + f3 2 ) (C.116) 

T — T T — T 



C.7. THE REPRESENTATION THEORY 



153 



with pi, /?2 £ Q v , cf. ( |C.3 ). Thus the space of all the (0, l)-connections 



modulo the smooth gauge transformations is isomorphic to the 
quotient (£ © Q,)/W(g), as we claimed. 

E.Loojienga's theorem [116J identifies the moduli space of G-bundles 
on £ with the weighted projective space: 

Bun G (£) « WP ao ' ai '-' ar (C.117) 

There are several mathematical interpretations of this theorem [871 - I91| . 
We shall give yet another, more physical explanation of this result, 



using g representation theory. This realization of (C.117) is closer 
related to our problem. 

C.6. Infinite matrices and their Weyl group 

We shall also encounter the group GL^. It is the group whose 
Lie algebra is the central extension of the Lie algebra gl(oo) of infinite 
matrices which have only a finite number of non-vanishing elements 
away from the main diagonal: 

A = dijEij , ciij = 0, for \i — j\^> 

where Eij is the matrix with all the entries vanishing except for the 
entry. The central extension is given by the cocycle: 

[A © aK, B © 0K\ = [A, B] © j(A, B)K, y(A, B) = tvA[J, B] 

(C.118) 

where 



j = Iyi sign (* ~ I) Ei - 



The Cartan subalgebra l)^ C gl(oo) consists of the diagonal matrices 
plus the span of the central generator: 

L = 0C^©Cif (C.119) 

The Weyl group W(qI(oc)) is the group of finite permutations of the 
eigenvalues of the infinite diagonal matrix. 

C.7. The representation theory 

Let us start over with the finite dimensional simple Lie group G. 
Recall that the weight /x e A is dominant, fi G A + iff n{ot() > for all 
i = 1 r. 
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Recall that to every dominant weight /i G A + an irreducible highest 
weight finite dimensional representation V M of the group G is associ- 
ated. In particular, the fundamental representations Ri = V\ t of the 
group G correspond to the fundamental weights \. Moreover, the 
Grothendieck ring Rep(G) of finite dimensional representations of G 
is generated by R { . 

EXAMPLE. For the A r series, the group G = SL(r + 1,C), the 
fundamental representations Ri = /\ i C r+1 , i = 1, . . . , r, are the exterior 
powers of the defining r + 1-dimensional representation. The center 
Z = Z r+ i, the adjoint group G ad = PGL(r+l, C) = SL(r+l, C)/Z r+1 . 

EXAMPLE. For the D r series, the group G = Spin(2r,C), the fun- 
damental representations Ri = f\ 1 C 2r , i = 1, ... ,r — 2, i.e. antisym- 
metric tensors of the corresponding rank, while i? r -i — S_, R r = S + 
are the chiral spinors. The center Z = Z 4 for r odd, and Z = Z 2 x Z 2 
for r even. 

C.7.1. Weights of the representation. The representations of 
G produce the W^($j)-invariant functions on T. To every finite-dimensional 
representation V of G, n v : G — > End(V), one assigns a function on 
T, the character 

Xv(t)=tT V Tr v (t), iGTcG (C.120) 

which is the trace of the element of T viewed as the element of G in the 
representation V. By definition of the Weyl group W(g) = iV(T)/T 
it acts on T by conjugation in G, therefore the character xv is W(q)- 
invariant. The representation V, viewed as a representation of T C G, 
splits as a direct sum of one dimensional representations L\, i.e. the 
sum of weight subspaces L\ for some A G Ay C Hom(T,C x ) = A. 
Here Ay is the (finite, for finite dimensional V) set of weights of the 
representation V. The character Xv(t) can be written as: 

xv(t) = ( c - 121 ) 

AeAy 

where xv,\ £ ^+ is the multiplicity of the given weight A in the decom- 
position of V: 

V = ® L\ 

AeAv 

and t A G C x is the value of A G Hom(T, C x ) on t G T. For the highest 
weight representations V M with the highest weight \x the set Ay contains 
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/jl, with multiplicity xv,n = 1, while all the other elements A of Ay obey 

r 

/ u-A = ^n i a i , m > 0, ^ni>0 (C.122) 

«=i « 

The Weyl group W(q) action on t G T can be traded for the W(g)- 
action on the set of weights Ay: 

(r) A = f X- 

In other words, the set Ay C A is W(g) invariant, including the multi- 
plicities 

Xv,\ = Xv,\™, for any w G VF(f() (C.123) 

The ring of Vy($j)-invariant rational functions on T is generated, as a 
vector space, by the characters of all the irreducible representations 
of G, and polynomially by the characters Xi — XRi °f r fundamental 
representations of G [Chevalley]: 

C[G] Ad( G ) = C[T] W( 9 ) = c[zu tZrtZ -l t j Z -1 ]W{S ) = c[)(u _ ^ 

(C.124) 

C.7.2. The action of the center. Any element z of the center 
Z of G acts in the irreducible representation (V, 7Ty) of G by multipli- 
cation by a scalar character: 

K V (z)=\i v (z)-\ v , fi V e Hom(Z,C x ) « A/Q . (C.125) 

For the highest weight module V = V\ this character is easy to com- 
pute: 

H Vx (w y )=w$ (C.126) 

In particular, the character m, = ji^ corresponds to the image of the 
fundamental weight \ in the coset A/Q: 

m i {w v ) = C^ (C.127) 

C.7.3. Representation theory of affine Kac-Moody alge- 
bras. The affine Kac-Moody algebra Q has the positive energy highest 
weight irreducible representations Ri, i = 0,1, ... ,r, which are inte- 
grable, i.e. lift to the representations of the corresponding Kac-Moody 
group LG. The highest weight of Ri is A,. The representations Ri are 
infinite dimensional of finite type: the dimensions of the eigenspaces of 
5 V are finite, so that the character 

X i &=tr Si n St (t) = 



(C.128) 
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makes sense as a function in the domain |q|< 1, where 

q = r 5 eC x (C.129) 

C.7.4. On E.Loojienga's theorem. In view of what we explained 
above, this theorem has the following interpretation. The fundamental 
characters x% °f LG, with % = 0, 1, . . . , r are the (^-invariant func- 
tions on the maximal torus T of LG. The T is a trivial fibre bundle 

over C^ v 

f = Cj X v xT (C.130) 

with the fiber over the point q = e 2niT G C^ v being the r+l-dimensional 
torus 

T = Q.xT= H T /Q\ (C.131) 

where is the center of LG. Note that the central extension of 
LG is topologically nontrivial. However, its restriction on any torus of 
LG (which we can identify with the space of constant loops valued in 



T C G) is topologically trivial, hence (C.131). Now, since K generates 



the center of LG, the c K -dependence of is a simple factor: 

X{c K t) = c a >Xi(t) 

On the other hand, as we explained above, forgetting the C^-factor in 
the quotient 

B T = (H T /Qy)/W(Q) = T/W(q) (C.132) 
leads to the quotient B t /W(q) = Bunc(£)- In other words, the space 
B T is the total space of a C^-bundle over Bunc(£). The ring of holo- 
morphic functions on B T is identified with the ring of polynomials in 
the fundamental characters xf 

C[B T ] = C[xo,Xi, ■■■,*•] (C133) 

Dividing (or, better to say, grading) by makes Bunc(£) out of B T 
on the left hand side, and the space of holomorphic sections of the 
bundles 0(k) over the weighted projective space vyp a ° ,ai, " 2 '- ,ar on the 
right hand side. 

C.8. AfRne Weyl group, characters and theta-functions 

The affine Weyl group of afline Lie algebra Q is the semi-direct prod- 
uct W(q) = W(g) K Q v . For each weight A G P) v the afline transforma- 
tion w a by a G Q v is a parabolic transformation which linearly shifts 
the f) component of A by a and quadratically adjusts the 5-component 
of A keeping the norm (A, A) invariant. Concretely, if A is of level k 
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we represent it as A = k\ + A with A G f) v , and then we have (cf. 
Eq.( [(H06] )) 

w a (\) = X + ka- £u{{kat + A) 2 - A 2 ) (C.134) 



2k 

For each weight A we introduce theta-function 



A 



2 



0~ = e-^ 5 eWa(X) (C.135) 

«GQ V 

equivalently 

0~ = e fcA ° e7 "^ ( C - 136 ) 

7 eA+fcQv 

where formally omitted the arguments in the exponentiated Cartan 
of q, i.e. T. The theta function 0^ can be evaluated on an element 
g = (c,t,q). 

A (c,t,q) = c fc Yl ^ (°- 137 ) 

7 eA+fcQ v 

Sometimes it is convenient not to include the prefactor in the definition 
of the theta-function ( |C.135 ) and for all fundamental weights we set 

q(c,t,q) :=q"^e Xi (c,t,q) (C.138) 

From (C.136) it is clear that 0^ depends only on the afline Weyl con- 
jugacy class of A. 

The ring of afline Weyl group invariants is generated by the theta- 
functions 0^ q , . . . , 0^ for the fundamental weights Ao, . . . , A r 

Another important function is the Weyl skewsymmetric function 

R(t) =]J(1- r a ) = (-l) w t w ^- p (C.139) 

where p is the Weyl covector defined by p(aj) = 1 for all i — 0, . . . , r. 
The equality of the two representations above for Weyl denominator for 
afline algebras leads to the famous Macdonald identity. By definition 
R(h) is Weyl skewsymmetric. 

C.9. Characters 

For the weight A G A let us denote by IZj the irreducible g-module 
with the highest weight A. Let X-s(^) be the character evaluated on an 
element t of f QC.130[ ). 

Aeh* 
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The Weyl character formula literally holds for the affine Kac-Moody 
algebras 

x ^ = ^ W e{W ,> — (C.141) 

where A + is the set of positive roots in q, e(w) = ±1 is the parity of 
Weyl transformation w G W. 

If g is simply laced affine ADE algebra and 1Z is an irreducible g- 
module of level 1, then the character can be also computed in terms of 
theta-functions [84J 

Xdt) = <Kqr E ^ ( C - 142 ) 



More generally 



ch£(t)= J2 c a aW (C143) 

AeP fe mod fcQ v 



where the string function c^(q) depends only on q = t s and counts 
multiplicities of weights on the vertical rays A + Z<5 in the g-module 
L(A) 

c A(q) = q -ij2 q"mult 7? (A - nS) (C.144) 



The formula (C.143) follows from the invariance of the multiplicities 



under affine Weyl group, with non-trivial information now contained in 
the finite set of the functions c^. If A is of level k = 1 and $j is simply 
laced affine ADE then there is only one non-zero inequivalent string 
function 

cj(q) = q~^(qr (C145) 



reproducing formula (C.142) 



In what follows we use the notations: 



G Z r ,n = 


(fit,..., fi r ) G (Z + \) r 


r 
i=l 


r 

|n|= 

1=1 


r 
i=l 


8=1 
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C.9.1. A r theta-functions. If we specialize (C.135) to fundamen- 
tal weight Xj we get 



q iq^UvQ^ = e 



(C.146) 



For each fundamental weight Xj, j = 0,...,r we define the theta- 
function Qj = Q\. . We use the basis of multiplicative coordinates on 



exp(f)) 3 g as follows: c 



■ q 



\ t = (t\, . . . , t r+ i) subject to 



il[=i U — 1 ia our conventions for the basis in the root and weight 
spaces of A r . We find 



©j(g) = c q" 



2(r+l) 



(C.147) 



neA,- 



where 



A, = {n G Z r+i ||n|= j} 



(C.148) 



Consequently, from (C. 142) (C.135) the character of the j-th fundamen- 



tal representation for A r is 



Xi(c;t;q) = 0(q) r q 



2 1 2(r + l) 



Qj(c;t;q) 



(C.149) 



C.9.2. A theta-functions. Let t e T, 1 = (1, 1, . . . , 1, 1) = 2A r , 
U = t e \ q = t~ s , c = t Xo . The level 1 theta-functions are associated to 
the fundamental weights Aq, Ai, A r _i, X r . According to our definition 
QC.136b we get 



e (c;t;q) = c £ t n qi n2 

n,|n|e2Z 

e 1 (c;t;q) = c £ t n qi n2 

n,|n|-le2Z 

e r _ 1 (c;t;q) = c £ tV 

n,|n|-§+lG2Z 

e r (qt;q) = c ]T tV*" 

n,|n|-§62Z 



(C.150) 
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We can express D r theta-functions of level 1 in terms of Jacobi theta- 
functions as follows 



e (c; t; q) = °- J] # 3 fe q) + ]J 04 fa q) 



vt=l 



8=1 



©i(c; t; q) = f J] 3 fa q) - f[ HU] q) 



vi=l 



i=l 



©r(c; t; q) = f ( II 2 fa q) + i" r II $ 



<->,- ( r: t: q ) = |( J] 2 fa q) - i" r JJ ft fa q) 



v i=l 
r 



8=1 

r 



,i=l 



(c.i5i; 



To construct D r affine Weyl invariant functions at level 2 we use 
the embedding so(2r) C sl(2r), i.e. D r C A2 r -i in which the maximal 
tori are mapped as 



TsO(2r) — > T S L(2r) 

fa, . . . , t r ) i y fa, . . . , t r , t r , . . . , t 1 ) 



(C.152) 



It is easy to check that D r affine Weyl group action on \)d t at level 
2 is a subgroup of A% r -\ affine Weyl group action on f)A 2r -i a ^ level 
1. Therefore, using (C.152) we can construct D r affine Weyl invariant 



functions at level 2 using A 2r -i theta-functions at level 1. From (C.147) 



and (C.152) we get 



Si(c;t;q) = C 2 q"^ ^ t 2n-m q n.(n-m) + Im2 



(C.153) 



n,m£Z r ,|m|=i 



with 



(C.154) 



The theta-functions Hj for % = 2 . . . r — 2 compute the characters of the 
level 2 fundamental D r modules Ri with the highest weight Aj = 2A +Aj 
and the character is 



1 



Xg,(c;t;q) = c 2 r-1 q ^H^o! t; q) 



(C.155) 
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There are relations obtained immediately from the definitions (C150)(C151 )(D.6 ) 

(0o + Qi) 2 = c 2 f[ 9 3 (U- q) 2 = c 2 J2 1^(t; q) 

i=i j<=z 

c 2 n^;q) 2 = c 2 ^q^(-l)^(t;q) 



;-i) r (e r - 9 r _ x ) 2 
(e r + e r _ x ) 2 



i=i 



c 2 II hit* q) 2 = c 2 q"(-iy- r ^-r(t; q) 
c 2 n^ 2 (t,;q) 2 = c 2 ^q^H,_ r (t;q) 



8=1 



3& 



(C.156) 



Notice 



c" 2 0(q) 2r (x, + X,-i) 2 = q"5(e r + 9 r _i) 2 = ? fc+ *Si(t; g) 



2r-l 



is similar the relation 



sez j'=o 



5= /\V. 

iS0...2r 



rs(s+l)+(s+l)i' 



X/ (C157) 



(C.158) 



where S 1 = S + S)S is the spin representation of D r . As the fundamen- 
tal invariants of D r we will take the set of theta-functions associated 
to the irreducible representations with the fundamental highest weight. 
For i — 2, . . . , r—2 we define the invariants of level 2 and for s — 1, . . . , 4 
we define invariants of level 1 as follows 



( 2 xf 



iiX? ) := < 



= Si, z = 2,...,r-2 

'e„ + ei, s = o 
eo-ex, s = i 
r(e r - e r _o, s = r-i 

Or + ©r-l, S = r 



(C.159) 



The linear relations (C.156) allow to express S , Si, S r _i, H r as linear 
combinations of 2^2*, • • • , 2^-2 an( ^ d^f) 2 ) • • • > d^f) 2 - 
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C.9.3. Infinite matrices. The fundamental representations IZi = 
of GLoo are labeled by a single integer « G Z, They are highest weight 
Aj representations, also infinite-dimensional of the finite type. Let us 
compute their characters (we shall remind the fermion construction of 
these representations in the next section). Let t = (it)iez be the generic 
infinite diagonal matrix, with entries behaving as q* for large i, for 
some |q|< 1. In other words t is close (in the topology of Hilbert space 
operators) to the evolution operator q L ° (with Lq being the energy 
operator), and let c , for c G C x represent the center of GL^. Let 

g = c K xt 

The characters Xi{s) can be arranged into the generating function: 

oo 

c*»(g) = c na + c*»)(i + r^r-j {cm) 

ieZ n=l 

which is explicitly W / (0/(oo))-invariant, with the Weyl group acting on 
the eigenvalues t{ of t by the finite permutations, 

^ (*<r(*))»"ez> a i i ) = *> (C.161) 
while the central element c A ' transforming via: 

t 



< ■ >r II / " : " (C.162) 



EXAMPLE. The transformation to ^ £i acts on c by: 

c i — ^ ctx/to 

The character ^ of IZi is given by the sum over the partitions. The 
formula is most simply obtained by expanding (C.160) as a sum over 
partitions: 

oo 

A i=l 



In (C.163) the infinite product is to be understood in the following way: 

oo €(A) 

The value of the highest weight Aj on g is equal to: 

g Xl = c t [j] (C.164) 
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C.10. Free fermion representation 

In describing the representations of LG and GL^ it is convenient 
to use the free fermions. 

One can realize the level 1 representations of q using r flavors of 
chiral complex fermions in two dimensions: 

r 

L 1 = Y,^adr (C.165) 
0=1 

The currents of so(2r) are 

J ab = ^ b , Jt = ■ M a : , Jab = Mb (C166) 



The currents (C.166) do not preserve the U(l) charge Jo = § : ipaip' 1 : > 
however they preserve its parity. Therefore, one can construct the 
following four representations: take the fermions in the NS or R sector 
and project onto the even or odd Jo subsectors. Recall that the NS 
sector fermions are anti-periodic on the circle \z\ 



1 



and their modes obey the anti-commutation relations 

{^ n ^ b m } = 5% +mfl (C.168) 

The full space of states in the NS sector for the theory with r 
fermions is 

M NS = UZ s cn © Hffi (C.169) 

where 

<f n/odd = &UH$l (C.170) 

A?ez r 
Y2i Mi even/odd 

The character of the HI^g n / odd representation is given by: 

X^fn/odd) = ^^y©r/r-l (C.171) 

In the Ramond sector the fermions are periodic on the circle \z\— 1, 

i i 

r = £c^ n (f ) 2 , 4>a = Y,^z- n (y) 2 (c.172) 

and their modes obey the anti-commutation relations 

{$a,n,i> h m } = 5% + m,0 (C173) 



C.ll. EXAMPLES OF CONFORM AL EXTENSIONS 



164 



The characters of the Ramond representations are: 

XCTen(odd) — ^y® / 1 (C.174) 

The remaining fundamental representations are constructed using 2r 
complex fermions (hence level two): 

r 

U = + (C.175) 

a=l 

whose Q q symmetry is generated by 

J ab = ^ b -ft^, J-=:^ b r-M a -,Jab = ^ b -Ma (C.176) 

which is actually a subalgebra of the level one su(2r) symmetry. Ac- 
cordingly, 0q commutes with the u(l) Kac-Moody generated by: 

J=:j> a il> a : + :j>y a : (C.177) 

we can construct the representations V p , p = 0, . . . , 2r — 1 by taking 
the charge p subspace in the space of states of 2r fermions. Unlike 
the case of r complex or 2r real fermions, for the 2r complex fermions 
there is no difference between the NS or R boundary conditions (in 
fact, one can continuously interpolate between them using the spectral 
flow). The corresponding characters are given by E p 

The exceptional affine Kac-Moody algebras are realized using spin 
operators which map the NS sectors to R and vice versa. For example, 
to realize Eg, we take 8 complex fermions 

The GLqo representations also have the free fermion realization. 

The generators of GL^ are given by the expressions 

o a = 5>m ■■Mr- ( c - 178 ) 

i,jez 

C.ll. Examples of Conformal extensions 

We list here the examples of the groups G, their conformal exten- 
sions CG, and the homomorphisms 

D : CG — > C = (C x ) Zb (C.179) 

(1) The A r series. The conformal group CG = GL(r + 1,C), i.e. 
the group of non-degenerate r + 1 x r + 1-matrices h. The 
homomorphism D is given by the determinant: 

D(h) = det(h) 
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(2) The D r series. First we describe the conformal extension of 
the group SO(2r). This is a group of the conformal linear 
transformations of C 2r , i.e. the group of 2r x 2r matrices h, 
such that: 

hh l = D(h) ■ lar, D(h) G C x (C.180) 

with the homomorphism D{h\h-i) = D(hi)D(li2), such that 
D(h) r = det(h). In other words, these are the linear trans- 
formations which preserve the non-degenerate symmetric bi- 
linear form up to a scalar multiple. The group CSpin(2r) for 
r even has two independent central elements c+, c_, so that 
c + acts trivially in 5_ and c_ acts trivially in S + which act 
non-trivially in the spin representations S + , while in the tensor 
representations A l V both act as c!|_, and their product is equal 
to D(h). For r odd there is one central generator c which acts 
as c 1 on A l V and as c on S±. 

(3) The Eq, Ej case. The Eq, Ef groups can be characterized as 
the symmetries of certain poly-linear forms in the 27 and the 
56-dimensional vector spaces, respectively. Their conformal 
versions preserve these forms up to a scalar multiple. For 
example, Eq is a stabilizer of the cubic form 

Q(z,x,y) = Pf(z) + z(x Ay) 

where x, y G V w C 6 , z G A 2 V* w C 15 



C.ll.l. The maximal torus T and the action of Z. The max- 
imal torus T q can be coordinatized by (C x ) r via: 



( gi ,...,g r )e(C x y^l[gr eT 



(cm) 



since in our conventions exp 27riOj = 1 G T. 

(1) The maximal torus of the A r series is the group of diagonal 
matrices of size r + 1 



9 = diag(#i, g 2 g l 1 ,gsg 2 X , ■ ■ ■ , g r g r -i, 9, 1 : 



(C.182) 



with unit determinant. The formula (C.182) corresponds to 
the standard choice of the simple roots 



a i = e i ~ e i+i' 3 = !> • • • > r 
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where ej represent the vectors of some orthonormal basis in 
C r+1 . The center Z = Z/(r + 1)Z acts on T, in the gj coordi- 
nates, via: 



9j ^ ^ 9j, 



UJ 



2tvi 
gr+1 



(C.183) 



so that the matrix g in (C.182) is multiplied by cu. The gen- 
erator ( = d of the center Z can be chosen as follows: 

C~D«i (C184) 



(2) The maximal torus of the D r series can be identified with the 
group of block-diagonal matrices of size 2r x 2r 

g = diag (R(gx), RfagT 1 ), R(g r -i9r9r-2)> R {9r9r-i)) (C.185) 
where for t G C: 



R(t) 



+ 



r 



1 i 
-i 1 



Of course, Eq. (C.185) defines only an element of the group 
SO(2r, C), in order to define the element of the spin cover 
Spin(2r, C) we have to specify the way g acts in the spin rep- 
resentations S + ,S-. This is equivalent to the choice of the 
square root of g 2 _ x and g%, respectively, and the parametriza- 
tion 



9 



(C.186) 



corresponds to these square roots being g r _i and g r , respec- 



tively. In Eq. (C.186) the simple roots of the D r algebra are: 
oti = e,- — e,-4-i , i — 1 r — 1 



(C.187) 



The center acts on T as follows. If r = 2s + 1, then the 
transformation generated by the 4-th root of unity u, u 4 = 1, 
acts by 



92m+l ^ w <72m+lj 



92m >-> 92 r, 



m 



l,...s 



(C.188) 



92s H> U g 2s , g2s+l !-> W#2s+1 



and multiplies g by u 2 . The center is Z = Z/4Z in this case. 
If r = 2s, then the transformations generated by Ui,u 2 , such 
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that uuf — uj\ — 1, act on gj via: 

92m+ 1 l— >■ Wl^2^2m+1) 

52m ^ 52m, 771 = 1, . . . S - 1 (C.189) 

02s-l ^ Wi^ 2s -1 , 52s ^ W 2 52s 

and multiply g by WiO^. The center is Z = (Z/2Z) x (Z/2Z) 
in this case. 

(3) In order to describe the action of the center Z = Z/3Z on 
the maximal torus of the group E G let us choose the canonical 
basis of simple roots of E 6 : 

«i = e 1 - e 2 , a 3 = e 2 - e 3 , 

a 4 = e 3 - e 4 , a 5 = e 4 - e 5 , 

«6 = e 5 - e 6 , a 2 = -ei - e 2 - e 3 + ?7e (C.190) 



6 

< = V ei 

i=i 



where 77 = Then the element a; G Z, w 3 = 1 acts on the 

element of the maximal torus of E§ 



9 = Y[ 9 r^To, 

i=i 



by 



6 



5 ^ n^^) Qi = w ai - a2+a4 - Q5 ^ 



1=1 

(4) For the group E 7 , the simple roots are: 

ai — e 1 — e 2 , « 3 = e 2 - e 3 , a 4 = e 3 - e 4 
«5 = e 4 - e 5 , a 6 = e 5 - e 6 , a 7 = e 6 - e 7 

«2 = -ei - e 2 - e 3 + r/e (C.191) 
7 

e = ^ ei 

i=l 

where 77 = 3 - z ^. The generator w, u 2 = 1 of the center 
Z = Z/2Z acts on the element of the maximal torus of E 7 

7 

g = l[g?eT 

i=l 

by 

g 1—). w <*5+C*7+a2£ 
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The elliptic curve and elliptic functions 

The combination 



q= II C = ^ iT (d.i; 



i£ Vert ~ 

of the multiplicative couplings qj plays a special role. It defines an 
elliptic curve 

£ = C x /q z (D.2) 

which underlies many constructions related to the Class II and class 
II* theories. 

The infinite product 

oo 
n=l 

is the Euler product. Dedekind eta- function 

?7(q) = -J— (D.4) 
q 2 40(q) 

D.I. Coordinates on £ 

The elliptic curve £ can be described in several coordinate systems. 
The multiplicative coordinate system 

t~q"t, teC x , nGZ 



is used in (D.2). The additive coordinate system 

z ~ z + m + tit, z G C, 

where 

r G C, Imr > 



is defined in (D.I), and m, n G Z, is related to the multiplicative one 
via: 

t = e 2wiz (D.5) 
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D.2. Elliptic functions 

D.2.1. Jacobi theta-functions. Our conventions for the theta- 
functions, associated to the elliptic curve £ = C x /q z , are 

1„2 



in 2 
1 2 n 



6 2 (t;q)= ^ 

4 (*;q) = ^(-im^ 



(D.6) 



Note that in older literature on elliptic theta-functions q is used to 
denote the nome" q nome = e mT = q 5 . In order not to be confused we 
shall always specify the q modulus in the formula for 6 a (t; q). 
It is often convenient to use basic pseudo-elliptic ^-function 

6(t; q) = ^(-*) b q i6(6_1) = (!"*) + q(* 2 " + ■■■ (D-7) 

which is related in a simple manner to #i(t; q) : 

0(t;q) = -iq-M0i(t;q), (D.8) 



and also to the Ai Weyl denominator in the affine Kac-Weyl character 
formula: 

6(t; q) = R(h) = - tq n )(l - q n+1 )(l - r l q n+l ) (D.9) 

The transformation rules for 9(t; q) are 

^(qt;q) = ^(r 1 ;q) = -r 1 ^(t;q) (D.10) 
and transformation properties of q) are 

^ 1 (qt;q) = -q-5t-^ 1 ( t;q ) ( D .ll) 

The relation of Jacobi theta functions to the WeierstraB functions 
is described below. 

D.2.2. The £- and ^-functions. Define the function 

at;q)=td t \og6 1 (t;q) (D.12) 

which satisfies 

^(q*; q) = q) - I, q) = -£(f; q) (D.13) 
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and has simple poles at t = q 1 . Therefore, up to a shift by a linear 
function of log(t), q) is the WeierstraB (^-function. 

From the product representation of 9i(t; q) we immediately get 

m q) = \ - E < n £(* d - r ") (D-i4) 

n>l d| n 

The expansion of £(i; q) near t = 1 reads as: 

= ^ + J> (* - i) fc (D.15) 

fc>0 

with £ — 1/2 and 

6(q) = -2 E A;q" fc = 2q-^-log0(q) (D.16) 



dq 



The function 



p(t; q) = -W(*5 q) + Po, p = 2q^log??(q) (D.17) 

is elliptic function, i.e. a meromorphic function on £: 

p(qt;q) = p(t;q) (D.18) 

which has a single second order pole in £, and on the covering space 
it has a double pole at t — q . 

The function p(t; q) is actually the WeierstraB p-function: the 
double-periodic version of the \ function in the plane z G C/(Z©rZ), 
with the constant pQ chosen so that the constant term in the expansion 
of p(t = e 2nlz ; q) in Laurent series in z at z = vanishes. This gives 

<) = (i^p + ^ + E k ^ tk + r " " 2 ) (D.19) 

One more differentiation with respect to log t defines the WeierstraB 
elliptic function with the pole of the third order 

p'(t,q) :=*%>(*, q) (D-20) 
and the expansion near t — 1: 

1 ' fc>0 H 

Define the functions X(t, q) and q) by 

X(t,q) = p(t,q) 

Y(t,q) = p'(t,q) 1 ' ] 
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and define the weight 4 modular form #2(1) and weight 6 modular form 

1 00 k 

, 2 (q):=^ + 20^A; 3 r ^ 



« /3 ( q ) := _J_ + Zy^j fe 5_ 

ysvn; 216 3^ 1 



fc= j " ^ (D.23) 

q 



fc=i ^ 



The Weierstrafi functions X(t, q) and Y(t, q) satisfy the cubic equation 



3 



Y(t, q) 2 = 4X(t, q) 3 - </ 2 (q)X(f, q) - <7 3 (q) = 4 J] (X(t, q) - e c 



Q = l 



(D.24) 

where 



e x = p(-l; q), e 2 = p(-q 5 ; q), e 3 = p(q^; q) (D.25) 

The periods of the holomorphic differential dX/Y on £ are equal to: 

1 f dX _ 1 f dX 

2ri J A ~Y~ ~ ' 2^i 



J~Y=r (D.26) 



D.2.3. </>j and 0j -functions. We shall also need to deal with 
meromorphic functions on £ with the higher order poles at £ = 1: n on 
£ with the only pole of order < (r + 1) at t = 1. Explicitly, 

, ( , n , (-q/t)^(-(-tr+V;q r+1 ) , _ 

q) = ^yri (d.27) 

The r + 1 meromorphic functions q), % = . . . r with the pole of 
order r + 1 at t = 1 form a basis of H (8,,O((r + l)po)) ~ C r+1 . 
On the other hand, if we represent elliptic curve £ in the Weierstrafi 
form (D.24), Y 2 = 4X 3 — g 2 X — g 3 , then the basis in the space of 
meromorphic elliptic functions on £ with the pole at t = 1 of less then 
r + 2 order can also be chosen as the monomials 

^')={SyL|G + l) • + (D.28) 

since q) = p(t; q) is the Weierstrafi elliptic function with the pole of 
second order at t — 1 and K(t; q) = td t p(t; q) has the pole of third order 
at t — 1. There is a linear relation between the Weierstrafi monomials 

1 It is easy to verify that <f>i(tq, q) = 4>i{t, q). 
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4>j(t; q) and the ratio (D.27) of theta-functions <pi(t; q) which we shall 
denote as 

(D.29) 



i (t;q) = ^M l ,(q)^(t;q) 



where M-j-(q) is a certain q-modular (r + 1) x (r + 1) transformation 



matrix, see example in Appendix D.2.4 



D.2.4. Expansion of Weierstrafi functions in terms of theta- 
functions. The matrix M(q) for the change of basis from meromorphic 
elliptic functions ( D.27[ ) to WeierstraB functions for r = 1 is 

1 \ _ (M u M 12 \ /0 o (t,q) 
X(t,q)J \M 21 M 22 ) \Mt,q) 

with 



(D.30) 



Mn 


= to(l,q) 


M 12 


= 2 (l,q) 


M 21 


= M n (- 


M 22 


= Mia f - 



6 



(D.31) 



6 v ' " 2 

where rrik(N; q)W denotes z-th modular form for modular group T (iV) 
of weight fc in a certain basis. Concretely 

1 

2' 

m 2 (4,q)« =m 2 (2,q 2 ) 



m 2 (2,q) = e D4 (q) = ^ 3 (q) 4 + #4(q) 4 ) 



(D.32) 



m 2 (4, q 



,(2) 



1 ft (aV - ^ 

i6 2(q) ~W7 



D.2.5. Even <\> functions for D series. From (C.153) we find 

2r-l 



y (x) 2 n 



9(t/t i (x);q)e(t/t i (x 



1-1. 



i=l 



0(i;q) 



0(f;q) 



i=0 



(D.33) 

where <fij(t; q) are the meromorphic functions, with the pole at i = 1 
of order not greater than 2r, associated to the holomorphic sections 
H°(8.,O(2rp )) 

rt(-t 2r q~ i ; q 2r ) 



0f r) (*;q) 



<9(*;q) 



2r 



(D.34) 
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Using E 2 , 



r-3 — 



we get 



ygs(*,x) = ^S f (V ;t(a;);q)Mi(q)^(t;q) 



(D.35) 



with 



0o(t;q) = 0r j (^q) 

&(t; q) = (-l) l qt+%f q) + q^^t; q)) • = 1, . . . , r - 1 
r (t;q) = (-l) r qS p 0? p) (*;q) 



The r + 1 functions 0j(t; q) for j = 0, ...,r form the basis in 
the space H® ven (H, O(2rpo)) of meromorphic functions on elliptic curve 
symmetric under the reflection t — > t^ 1 and with a pole of order no 
greater then 2r at the origin. Another basis in H® ven (£, O(2rp )) is 
given by the powers of Weierstrafi p-function 



Let My (q) be the transformation matrix between these bases in H® ven (£, O(2rp )) 



(D.36) 



x(t; q y , j = 0, . . . , 



r 



(D.37) 



r 




(D.38) 



3=0 



then (D.35) can be written as (7.131). 



APPENDIX E 



Affine E spectral curves 



E.l. The E r spectral curves from del Pezzo 

E.l.l. The E 6 spectral curve from del Pezzo. 

E6Pezzo[X0_, Xl_, X2_, X3_] := -XI X3~2 + 4 X2~3 - g2 X2 Xl~2 - 
g3 Xl~3 + 

XO (p[0] Xl~2 + p[l] X2 XI + p[6] X2 X3) + 

X0~2 (p[2] XI + p[3] X2 + p[5] X3) + X0~3 p[4]; 
E6Xi = Coef f icientList [E6Pezzo [z, 1, X + vx z, Y + vy z ] , z] ; 
vys = First [Solve [E6Xi[ [2]] == 0, vy]] ; 

E6PezzoCurveU = -4 Y~4 Resultant [ E6Xi[[3]] /. vys, E6Xi[[4]] /. vys, 

vx] ; 
E6PezzoCurve = 

PolynomialRemainder [E6PezzoCurveU, E6Pezzo[0, 1, X, Y] , Y] // 
Expand 

E.l. 2. The E 7 spectral curve from del Pezzo. 

E7Pezzo[X0_, Xl_, X2_, X3_] := -X3~2 + 4 XI X2~3 - g2 X2 Xl~3 - 
g3 Xl~4 + 

XO (p[0] Xl~3 + p[7] Xl~2 X2 ) + 

X0~2 ( p[l] Xl~2 + p[2] XI X2 + p[6] X2~2 ) + 

X0~3 ( p[3] XI + p[5] X2) + p[4] X0~4 ; 
E7Xi = Coef f icientList [ 

E7Pezzo[z, 1, X+vxz, Y+vyz+ 1/2 z~2 wy] , z] ; 
vys = First [Solve [E7Xi[ [2]] == 0, vy]] ; 
wys = First [Solve [E7Xi [ [3] ] == 0, wy]] /. vys; 
E7PezzoCurveU = -1024 Y~18 Resultant [(E7Xi [ [4] ] /. wys /. vys), 

E7Xi [ [5] ] / . wys / . vys , vx] ; 
E7PezzoCurve = 

PolynomialRemainder [E7PezzoCurveU, E7Pezzo[0, 1, X, Y] , Y] // 
Expand 

E.2. The map from del Pezzo to theta-function coordinates 

In this section we record the modular matrix ^i,{j 1 ,....>}( c l) dis- 
cussed in the section 7.6 for E e bundles on £(q). The result is presented 
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in terms of a certain basis (rrih) in the space of modular forms of T(6) 
of weight 1 with the expansion at the cusp q = starting as 

oo 

m h = q h (l + J2^q n )- (E.l) 

n=l 

(If the argument of rrih is not explicitly spelled out it is always assumed 
to be q, i.e. in this section we set rrih = "fyi(q))- Concretely, the basis 
of weight 1 modular forms of T(6) is 



m 


= [1" 


3 ,2 6 ,3 1 ,6- 2 ] + 3[l 1 ,2- 2 ,3- 3 ,6 6 ] = 


1 + 6q + 6q 3 + 


m\ 

6 


= [!■ 


- 2 ,2 3 ,3 2 ,6~ 1 ] = qi(l + 2q + 2q 2 + 


2q 3 + ...) 


m\ 

3 


= [!■ 


" 1 ,3 3 ] = qi(l + q + 2q 2 + 2q 4 + ... 


•) 


m\ 

2 


= [!■ 


" 1 ,2 2 ,3- 1 ,6 2 ] = q2(l + q + 2q 3 + q 


' + ...) 


rri2 

3 


= [2- 


-\Q 3 } = ql(l + q 2 + 2q 4 + ...) 






= [1 X 


,2- 2 ,3- 3 ,6 6 ] = q(l-q + q 2 + q 3 - 


-q 5 + 2q 6 + ... 



(E.2) 

where we use the standard notation for the eta-products 

L 

[FS2^,3^,...,L^]=n^(qT 3 (E.3) 

3=1 

where r)(q) is the Dedekind modular function 

l 00 

3=1 

In particular, notice that the Weierstrafi parameters <72(q), ^(q) are 
expressed as 

02(q) = m (±ml + 18m\) = ± + 20q + 180q 2 + 560q 3 + 1460q 4 + . . . 

3 

Jfe(q) = ~ml + f mlm\ + 27m\ = + |q + 77q 2 + ±fV + *§V + . . . 

Z1D 3 3 

(E.5) 

We remark that m (q) and mi(q) are modular forms for T(3) and 

3 ^ 
they are equal to the the theta-constants of the A 2 lattice associated 
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respectively to the fundamental weight A and Ai 

m = ^ (a,a) 



With all notations in place we finally present the explicitly com- 
putecQ components of the modular matrix Mi^j ly ___ t y(q) (the fixed argu- 
ment q is assumed for all M^/^ \ and m^) in the following table of 
relations 

M ,{o} = ml + 54m| 

' 2 ( „3 ovn™3 



M , { i } = — m z [m* - 270mi 

M , {6} = 

Mi s \ = 27m mf 

3 

M lj{1} = -jm\ (5m 3 + 108m! 



M li{6} = -mj (3mi - m ) 2 (m 2 + 3mim + 9m| 



2 \ 2 

3, 



-^2,(2} = -4mo m i (mo — 12mi) 3 (mo — Ami) (wo — 3mi) (toq 

+ 12mim — 72m 2 ) 

-^2, {3} = — -mi (m — 12mi) 3 (m — 4mi) (m — 3m!) (m 2 , + 12mim 

- 72m 2 ) (mo - lOSmim 2 , + 864m 2 m - 1728m 3 ) 
M 2i{5} = 
^2, {0,0} — 72m mi (m — 3mi) 
^2,{o,i} = — 12m 1 (m — 3mi) (mg + 52m 1 m 2 l — 384m 2 m + 576m 3 ) 

^2,{i,i} — —-mi (m — 3mi) (ttIq — 200m 1 m l — 96m 2 mQ 

+ 20736m 3 m 2 - 110592m?m + 165888m^) 



^he authors used computer algebra Mathematica to find these expressions 
for modular forms by matching the first coefficients in the q-expansion. 
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M 2,{<ofi} = ~Y^ m \ ( m ° ~~ 12m 3 ( m o - 4mi) (m - 3toi) (m 7 

- 780mim^ + 40680m 2 m^ - 648000m^m^ + 4914432m^ 
- 19906560m^mg + 41803776m°m - 35831808mJ) 



^3, {3} — 3mQmim2 (mo — 12mi) 3 (m — 4mi) (m — 3mi) ( 



m 



o 



+ 12mim — 72m 2 ) 

-^3,(5} = -4mitn2 (mo — 12mi) 5 (m — 4mi) (m — 3mi) 2 (mg 

+ 12mimo — 72m 2 ) 

-^3,{o,o} — 216mim| (m — 3mi) 
M 3 , {0 ,i } = -12mim § (m - 3mi) (7m 2 + 48m 1 m - 288m 2 ) 
^3, {0,6} — — 16mim2 (mo — 12mi) 2 (m — 3mi) 2 (m + 12mim — 72m 2 ) 

^3,{i,i} — -m mim2 (m — 3m-i) (l3mg + 360m 1 m 2 1 — 2592m 2 m 

^ 6 3 

+ 3456m 3 ) 

2 

-^3,{i,6} — -m mim2 (m — 12mi) 2 (m — 3mi) 2 (m 3 , + 216m 1 m 2 1 

- 1728m 2 m + 3456m 3 ) 

M 4i{4 } = 16m 3 (3mi - m ) 3 (m 2 , + 3mim + 9m 2 ) 3 (36m 3 - m 3 ,) 
M 4i{0i2 } = 24m| (3mi - m ) (m^ + 3mim + 9m 2 ) (llm 3 , + 108ml) 
M 4i { 0i3 } = 2mg (m — 3mi)m 3 (m 2 l + 3mim + 9m 2 ) (l3mQ + 864ml) 
^4,{i,2} - 2wIq (m — 3mi)m 3 (m 2 l + 3mim + 9m 2 ) (l3mQ + 864ml 

^4,{l,3} — _ g m ° ( m ° ~~ ^ m g) m f ( m ° ^ m |) ( m 3^i"^0 



+ 9mf) — 6mim + 36m 2 J ^llm 3 , + 108ml 
^4,{5,6} — g m o (^ m o ~ 3mi J mi ^m + 3mim + 9m 1 j 



M 4 ,{ ,o,o} = 720m| 
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M 4 , {0 ,o,i} = -540mjjm? 
M 4i { ,i,i} = 15m m 3 (jml + 54m 3 ) 

■^4,{o,6,6} — 24 m ° ( m ° — ^ m |) m l ( m o 3^i"^o + 9m| ) (133m 6 , 

+ 5292m 3 im 3 ) - 338256m 6 i) 

3 3/ 

M 4i{ i,i,i } = - jzrn\ (l7m 6 + 54m\m 3 + 5832ml) 

J_ £i 3 \ 3 3 / 

^4,(1,6,6} = ~^ m | ( 3m | ~~ m o) (mo + 3mim + 9m,|) (61m 9 , 



i^m 6 + 1014768m 6 i m 3 + 6298560m 9 ! 

3 3 3 



M$ t {2} = — 12mim| (m — 12mi) 3 (m — 4mi) (m — 3mi) (mg 

+ 12mim — 72m 2 ) 

M 5,{6fi} = j^m mim2 (m - 12mi) 3 (m - 4mi) (m - 3mi) (7ml 

- 78077^(5 + 11160m 2 m 3 - 74304m 3 m 2 + 228096m^m 

- 248832m^) 

M 6i { } = 27m m| 
M 6j{1} = —£n\ (5m 3 + 108m?) 
■^6, {6} — m l (3m i — m ) 2 (m^ + 3mim + 9mf) 2 
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